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This study examines the kinematic geometry of line congruences in Euclidean 3-space
E3, defined as two-parameter families of lines determined by a director surface and unit
direction vectors. The fundamental properties of ruled surfaces within a line congruence
are analyzed, with particular focus on their developability conditions and classification
into torsal and non-torsal surfaces. The dual unit sphere representation is introduced,
along with the fundamental forms of line congruences, leading to the derivation of mean
and Gaussian curvature parameters. Additionally, the study explores the relationships
between principal ruled surfaces and their curvature properties within the kinematic
framework. Furthermore, Hamilton and Mannheim formulae are derived, offering deeper
insights into the differential geometry and motion of line congruences.
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1. Introduction

Differential line geometry explores families of lines in three-dimensional space, form-
ing an organized framework known as a line space. This space can be Euclidean or
non-Euclidean, depending on the underlying geometry. As a significant branch of
differential geometry, it is closely related to spatial kinematics and plays a founda-
tional role in various scientific and engineering fields. Its applications are particu-
larly evident in robotic motion planning, where analyzing line trajectories enhances
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movement optimization and ensures seamless navigation. Additionally, in mechan-
ical system design and kinematic analysis, line geometry facilitates the examina-
tion of motion chains, leading to more effective and precise mechanical systems
[1-5]. Beyond robotics and mechanics, differential line geometry is widely utilized
in computer graphics and vision, including shape reconstruction, stereo imaging,
and motion tracking. Line-based models improve computational efficiency by reduc-
ing the complexity of three-dimensional representations. In optics, line congruences
describe the propagation of light rays, making them essential for wavefront analy-
sis, caustic formation, and the engineering of advanced optical instruments such
as microscopes and telescopes. Furthermore, architectural engineering leverages
ruled surfaces — a fundamental aspect of line geometry — to create innovative,
lightweight structures that integrate both functionality and aesthetics.

A fundamental topic in this domain is the classification of differential line-
geometric properties. A system of lines governed by two parameters is known as a
line congruence, a structure that arises in numerous geometric and physical appli-
cations. A common example is the field of normal vectors of a surface, which forms
a special type of line congruence. When a line congruence consists exclusively of
normal lines to a surface, it is termed a normal line congruence [6,7]. However, line
congruences are not limited to surface normals; they also appear in fluid mechanics,
where they represent streamlines and vortex filaments, contributing to the under-
standing of turbulent flows and aerodynamics. In structural engineering, they assist
in designing adaptable frameworks and deployable structures that respond to exter-
nal forces. Furthermore, in mathematical physics, line congruences provide insights
into integrable systems and the differential equations governing motion and defor-
mation. Given these extensive applications, the study of differential line geometry
remains an active research field, with continuous advancements in both theoretical
modeling and practical implementation across multiple disciplines. Research on line
congruences has been extensive, with early work emphasizing their significance in
geometric optics, particularly in studying light reflection and refraction. In differ-
ential geometry, a ruled surface — also referred to as a parametric ruled surface —
arises when a family of straight lines (generators) in a congruence intersects a given
curve on a surface. These surfaces are fundamental in kinematics, geometric design,
and architectural engineering. Recent studies highlight the role of differential line
geometry in understanding line congruences, emphasizing their importance in both
theoretical and applied contexts [5-7].

A robust mathematical approach to analyzing motions in line space involves
dual numbers, which provide an algebraic framework for spatial transformations.
Through E. Study’s mapping in screw theory and the algebra of dual numbers, the
entirety of oriented lines in three-dimensional Euclidean space E? can be systemati-
cally represented as points on the dual unit sphere in a three-dimensional dual space
D3. This viewpoint has expanded research opportunities in ruled surface analysis
and associated motions, particularly in dual spherical kinematics, where movements
are governed by one or two parameters. These mathematical tools are crucial for
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robotics, mechanical system design, and structural analysis, offering deeper insights
into the geometric properties of line-based configurations. Further discussions on
dual numbers, their relationship to ruled surfaces, and dual spherical motions can
be found in [8-13]. Numerous applications exist for such investigations; for instance,
consider [14,15].

This research investigates line congruences in Euclidean 3-space E3, defined as
two-parameter families of lines determined by a director surface and unit direction
vectors. The study examines the fundamental properties of ruled surfaces within
a line congruence, with particular emphasis on developability conditions and their
classification into torsal and non-torsal surfaces. Using the dual unit sphere repre-
sentation, the fundamental forms of line congruences are introduced, leading to the
derivation of mean and Gaussian curvature parameters. The kinematic geometry of
line congruences is also explored, establishing relationships between principal ruled
surfaces and their curvature properties. Furthermore, Hamilton and Mannheim for-
mulae are derived, providing deeper insights into the differential geometry and
motion of line congruence. These findings contribute to the broader study of ruled
surfaces, offering insights into their local and global geometric behavior.

2. Preliminaries

In this section, we use the same notation as in [6,7]. For a more detailed discussion
of the relevant properties, see [10-12]. The collection of dual numbers is given by

D={l=1+el*|l, I*€,ec+#0,e2=0}. (1)

For any two dual numbers I=l+el*and M = m+em* in D, the following properties
hold:

m=<1l=m, [*=m"

I+m=1+m+e(l*+m"), (2)

~

+
m

[
[
Im =Im+ e(l*m + m*l).

The division of dual numbers is given by

T *m — lm*
L (M) m £ 0, 3)

m m2

A dual number is classified as a pure dual number when it takes the form 1= el*,
where division by such a number is not defined.
One application of dual numbers is in representing the dual angle between two
skew lines in Euclidean space E2, which is given by
B=p+ep", (4)
where 3 represents the projected angle between the two lines, and 3* is the shortest
distance between them along their common perpendicular. Based on these defini-
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tions, we classify the relative positions of the lines as follows:

(1) If 6= Z and B* = 0, the lines intersect at a right angle.
(2) If 5= Z and * # 0, the lines are orthogonal but skew.
(3) If 8 # 5 and B* = 0, the lines intersect.
(4)

ISIERN|

4) If B = 0 and B* = 0, the lines are coincident, meaning they share the same
orientation or are exactly opposite.

2.1. E. Study mapping

An oriented line can be described by a point g € L and a unit direction vector
i of L, satisfying ||i]|> = 1. To establish a coordinate system for L, we define the
moment vector as i* = g x i, which is computed relative to the origin in Euclidean
space E3. The vectors i and i* are interconnected through the following relations:

(i,i) =1, (@{i*,i)=0. (5)
The six coordinates i;, (¢ = 1,2,3) of the vectors i and i* are known as the
Pliicker coordinates of L. These vectors uniquely determine the oriented line L.
Conversely, any six-tuple i;, i} (i = 1,2, 3) satisfying the conditions
i1 +i3+i3 =1, i1i+i9is +izi5 =0 (6)
defines a line in E3. Therefore, the collection of all oriented lines in E? establishes
a one-to-one correspondence with ordered pairs of vectors in E3, as described in

Eq. (5).
For vectors (i*,i) € E3 x E3 the set
D? = {i=i+cei*c #0,el = 1e,2 = 0} (7)
defines the dual three-space D3, equipped with the scalar product
1,5 =7 +13 + 3. (8)

The norm of i is given by

ED i #o0 )
]

A dual vector with a unit norm is referred to as a dual unit vector. From Eq. (7),

it follows that a dual unit vector satisfies the conditions in Eq. (5). Consequently,

any oriented line L = (i,i") € E® can be represented using a dual unit vector as

il = 1ill + €

T=i+4ei* (i) +eli,i) =1). (10)
The dual unit sphere in D? is given by
K={ieD?|[i> =7 +43+45 =1}. (11)

According to the E. Study mapping, the set of points on the dual unit sphere in
D3-space establishes a one-to-one correspondence with the set of all oriented lines in
[E3. This implies that the geometry of ruled surfaces in E? is intrinsically linked to
the geometry of curves on the dual unit sphere in D3. Therefore, in this framework,
dual curves and ruled surfaces are considered equivalent [6,7].
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2.2. Line congruence in Euclidean 3-space E3

Using the notations introduced in the previous section, a line congruence is defined
as a two-parameter family of lines in E3, expressed as

a(vi,v2,¢) = g(v1,v2) +ce(v,v2), (vi,v2) EDCR xR, ¢eR, (12)

where g(v1,v2) represents the director surface, and e(vy,v3) is the unit direction
vector along the rulings, satisfying ||e|| = 1. A ruled surface within the line congru-
ence is parameterized by the equations:

’ / d
v =vi(t), va=wa(t), v’+uvy’#0, teR—{0}, (/ = £> (13)

This ruled surface is developable if and only if the condition (e,dg,de) = 0 is
satisfied. Ruled surfaces, such as cones and cylinders, contain rulings where the
tangent plane remains in contact with the surface along the entire line. Such rulings
are called torsal lines, distinguishing them from non-torsal rulings in general cases

2, 3]:

e A ruled surface composed entirely of torsal rulings is called a developable surface.

e A ruled surface primarily consisting of non-torsal rulings is referred to as a non-
developable ruled surface (or skew ruled surface).

e Cylinders, cones, and ruled surfaces generated by the tangents of a spatial curve
are examples of developable surfaces.

Definition 2.1. A singular surface point along a torsal ruling is called a cuspidal
point, and the tangent plane in any other direction at this point is known as the
torsal plane.

Using the E. Study map, Eq. (11) can be expressed as
e(v1,v2) = e(vi,v2) +eg(vi, v2) x e(vy, vz). (14)

Since ||e]| = 1, it follows that €(v1,v2) also has unit magnitude, as shown by the
following computation:

el = Vel +2c(e, g x ) +e2(g x e,g x ) = |le| = 1. (15)

Thus, the line congruence occupies a region on the dual unit sphere in D3. Therefore,
the line congruence can be described by

€(v1,v2) = e(vy,v2) + ce*(vy,v2), (v1,v2) €D CR xR, (16)

2.3. Surfaces of the line congruence

A relation of the form f(v1,v2) = 0, where vy, vy are variables, defines a ruled
surface within the line congruence. If these variables are parameterized as v; = v;(t)
for i = 1,2, where v1(t) and wvy(t) are functions of the real variable t € R, then
€(v1(t),v2(t)) represents a ruled surface in the line congruence. When vy is held
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constant, say co, this condition describes either a ruled surface within the line
congruence or a D-curve on the dual unit sphere. The set of such curves traced
by varying vi-variable D-curves. Likewise, fixing v; = ¢ results in a family of
vo-variable D-curves on the dual unit sphere. Due to the established one-to-one
correspondence between pairs of parameterized D-curves and ruled surfaces in the
line congruence, each D-curve from one family intersects exactly one member from
the other family.

Any two families of D-curves fulfilling the last situations will supply us with
parameter ruled surfaces which could appoint the line congruence. Hence, the line
congruence can be distinguished as a 2-dimensional surface in D3. If G is any func-
tion (scalar or vector) defined for the line congruence, we denote its partial deriva-
tives with respect to the parameters as G,,, and G,, representing 0G/dvi, and

0G/Dva, respectively. Then, as shown in [6, 8]
1= (8,,8,) = +el,
m = (€y,,€y,) =m+em”, (17)

N = (€y,,€y,) =N +en’.

The functions lA, m, and n are important because they allow us to determine the
distance in the dual space between two neighboring points on the dual unit sphere.
The magnitude of the differential displacement from dual unit sphere in D may be
distinguished in view of them. The magnitude of the differential displacement from
(v1,v2) to (v1 + dvy,ve + dvg) is given by

ds? = (de,de) = (&,,dv| + €,,dvy, €, dvy + €,,dvs)
= lAdU% + 2mdvydve + Ndvs. (18)
From the real and dual parts, we obtain the following expressions for the 1st and
2nd fundamental forms of the line congruence
7 := ds* = ldv} + 2mdv;dvy + ndv; (19)
and
17 := 2dsds* = I*dv} + 2m*dvidvy + n*dvj. (20)

Here 7 and Z7 are are called the first and second principal forms of the line congru-
ence, respectively. The first form Z remains invariant under changes to the director
surface, as this surface does not affect its calculation. Additionally, Z is unaffected if
we replace e by —e. Thus, 7 represents a geometric invariant of the line congruence.
In contrast, ZZ is not an invariant of the line congruence itself but is instead an
invariant of the pair (e, €*). Both Z and ZZ are invariant under Euclidean motions.

Let line congruence be a non-cylindrical line congruence (In —m? > 0), then
[6, 8]

(21)

Iry\ I*dv? + 2m*dvydvis + g* dv3 B l*vllz + 2m*viui2 + n*og2
—1dv? 4 2mduidus + gdvs 2 4 2muyvr, + nof
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is the distribution parameter of a ruled surface in line congruence. A is function
of the ratio v; /vy, so it a function with the values of v; and v,. This shows that
the ruled surfaces which share the same A also share their central point and are
therefore in 1st order contact. The extrema values of A are located by the minimum
and maximum of the quotient in Eq. (20). There are two values for which A is a
minimum or maximum. These are gained by equating to zero the derivatives of A
via v/l and v/2. This leads to the linear homogeneous system

2A0 — 17 2Am —m*\ (v, 0
L] = . (22)
2Am —m* 2An —n* Uy 0
For a non-trivial solution (vy, vy) # (0, 0) the left-hand side matrix must be singular,
that is, A must fulfill the quadratic equation
(2A1 — 1*)(2An — n*) — (2Am —m*)* =0 (23)
to be extrema. Because of In —m? > 0, we gain
Amax, Amin = h £V h2 — k, (24)

where

AInax + Amin 1 n*l + I*n —2mm*
2 4 ’

(o, ) = S — 2 (B
(25)

1 n*l* — m*2
- Alfna.xAmin = = :
(v v2) 4 ( In —m?2 >

Here h and k are the mean and the Gaussian distribution parameters of the line
congruence, respectively. It follows from Eq. (24) that

h? =k < Apax = Amin. (26)

In this issue A is independent of any ratio vy /v, and Eq. (21) must be vacuous,
that is, they must be explained by any ratio Ull / v/2. This yields that each entry of
the 2 x 2 matrix must vanish and the unique A is thus

[* m* n*

A = — = = —,

2l 2m  2n

Thus the coefficients of Z and Z7 are commensurate, that is, the line congruence is
an isotropic line congruence. Hence, we offer the next theorem [3,6]:

(27)

Theorem 2.1. In the Euclidean 3-space E3, through the lines of an isotropic line
congruence, all ruled surfaces have 1st-order contact.

2.4. Principal and developable ruled surfaces

We carry on with the extrema values of A. The ruled surfaces in the line congru-
ence which have the extrema values of A are named principal ruled surfaces. The
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principal ruled surfaces have the same role of principal lines (curvature lines) in
surfaces theory. We may find them by eliminating A from Eq. (20), that [1,2]:

(Fm — m* v + (*n — n*)vivy + (m*n — n"‘m)v;2 = 0. (28)

Under the hypotheses m = m* = 0, we gain that v/lvl2 =0, so Eq. (27) shows that
(I*m —m*l) =0, (m"*n—n*"m)=0.

Since the line congruence is non-isotropic, then

*

m = <ev1vevz> =0, m"= <ev17ez2> + <ev1’evz> =0= </e\v17/év2> =m = 0.

(29)
Therefore, their distribution parameters are
l* n*
Arnaux = 57 Amin - 5 -
2l 2n (30)
Then,
Am:am + Amin 1 - n*
h = = D
('UI;/U2) 2 4(l + n)7
(31)

1 /l*n*
K(v1,12) = AmaxAmin = 2 ( o )
Proposition 1. Consider a non-isotropic and non-cylindrical line congruence
e(vy,v2) and let €(t) = e(vy(t),v2(t)) be a ruled surface within this line congru-
ence. Then, the quantity A of €(t) attains an extremal value if and only if the ratio
vll /0/2 corresponds to a principal direction. Moreover, the principal ruled surfaces
coincide with the parameter ruled surfaces.

3. Kinematic-Geometry of a Line Congruence

In this section, we explore the concept of the kinematic geometry of a line congru-
ence using fundamental formulas from surface theory. Moving forward, we assume
m = m* = 0. Under this particular condition, the dual arc-lengths are determined
by first setting dvy = 0, followed by dv; = 0 in Eq. (17), yielding

ds; = ds; + SdST = ﬁldvl, dsy = dsg + SdSS = i)\gd’vg, (32)

where p; = p1 + ep} = \/7\ and Py = pa + epi = V. The distribution parameters
for the principal-ruled surfaces are then given by

dsy [* ds? n*
Ay = —L = — d Ay = —2—
! dsq 21 an 2 dso 2n (33)

Furthermore, we define the following dual unit vectors:

Sy = 4 cu Gy — o2 = w2 Gaxep=o  (34)

€2 = L= 0/ €= == V—,
\ﬁ <eU1 ’ e'U1> \/ﬁ <eU27 ev2>
Thus, the set {0,€,€12,€22} forms the Blaschke frame for the line congruence,
satisfying the determinant condition det(€, €12, €22) = +1. Regarding the spherical
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motions, the instantaneous movement of this frame corresponds to a rotation along
the Darboux vector. For D-curves given by vy = ¢o (which remain stationary in the
real sense), the following relation holds:

e 0 1 0 e e
0 | ~ . N N .
aT e | =11 0 X1 €2 | =w1 X | €2 |, (35)
S1
€2 0 —x1 O €22 €2
where
o~ A~ o~ ~ . ~ * 2\
W1 = X1€+ex with X1 = x1 +ex] = = (36)

2IVA

Similarly, for D-curves where v; = ¢; (also real stationary), we have

e 0 0 1 e e
0 |~ N N N .
— |e=2|=1]0 0 Xo e | =w X |en|, (37)
382
€2 -1 —x2 0 €22 €2
where
Mo,

Wy = X2€ — €12, with Xo = x2+ex5 = (38)

271
Here, the quantities \; = x;+ex; fori = 1, 2 represent the dual-geodesic curvatures
of the principal-ruled surfaces. Additionally, they can be characterized as

de d26)

3.1. Hamilton and Mannhiem formulae

This subsection aims to establish the Hamilton and Mannheim formulae for the line
congruence, analogous to their formulations in surface theory. Let v; = v;(t) for
i = 1,2 be functions of the real variable t. Consequently, the function €(v1(t), v2(t))
represents a parametrized ruled surface within the given line congruence. The tan-
gent vector along this curve is given by

d’U1 —~ dvg

o~ :/\U s vy —— . 4
e eldt—i—ezdt (40)
If ||e¢]| # 0, we define
~ /ét 1 ~ d’U1 e dv2
— 7= — = V1 3, vo T 4, | 41
= o= 5 (@ o) 1)

where p = p + ep* = €, Lt + @, 2| =V In. Thus, the dual arc length of the
D-curve e(vy(t),v2(t)) is expressed as

ds = ds + eds™ = pdt. (42)
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The Blaschke frame associated with this D-curve is

~

~ ~ ~ € . o~ ~ ~
{el =e(t), ey = Ha—ZH,eg(t) =€ X 62}; det(ey,€2,€3) = +1. (43)

The evolution of the frame along the arc length parameter s is as follows:

61 0 1 0 61 €1

o | . N ~

% e|=1-1 0 ¥ e | =wx|e|, (44)
/8\3 0 —X 0 63 é\g

where

~

Ny,
20V
Here X is the D-geodesic curvature of the parametrized ruled surface €(v(t), v2(t)).
It follows that

&3:5(\/8\14-/6\3, Withi(\zx—l—éx*:

~ det(@ 6,5 étt) ~ cfé d2§
= e =—————= =det|€,—,— |. 46
X=X +ex TAE T 7 (46)
Since €; is tangent to €(vy(t), v2(t)), then using earlier relations, we obtain
. dsy . dssy
€ = =e1 + I &2 (47)

To further specify the motion, we introduce the dual angle ¥ = ¢ + ep*, such that
(Fig. 1)

€y = COos pe12 + sin Peas. (48)

L

-ff-l-_.-
B _*I —— e
¥ -
P
- -__r
o - _- 622
e )
- il .-v:‘x“-—____ >
“'\-.x 50!7 o

T €12

Fig. 1. €2 = cos pe12 + sin peas.
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Here, the parameters satisfy

ds? = ds? + ds3,

~ AdUl d§1 L = dU2 d§2 (49)
cos \/—d§ = Sing md? s

By analyzing the real and dual components of these equations, along with prior
results, we arrive at

A = Ajcos® oA + Ay sin? o,
1 ' (50)
(p* = §(A2 — Al) sin 2@

These equations correspond to the Hamilton and Mannheim formulae in surface
theory, respectively [6,7].

3.2. Plicker’s conoid or cylindroid

The surface characterized by ¢* in Eq. (50) exhibits symmetry with Pliicker’s conoid
(or cylindroid) in surface theory. The cylindroid can also be represented using point
coordinates: we assume that €; is aligned with the positive z-axis of a stationary
coordinate frame (oxyz); while the dual unit vector €qis defined by the angle ¢
and the displacement ¢* along the z-axis. Thus, the dual unit vectors €12 and €9
serve as the principal axes, together with the directed €; y and z -axes, respectively
(as shown in Fig. 1). Hamilton’s formula confirms that ¢ varies from 0 to 7 as A
transitions from A; to As, indicating that the principal ruled surfaces intersect at
an angle of /2. Thus the dual unit vectors €15 and €95 are the principal axes and
jointly with the directed line €7, they form the fundamental coordinate framework
of the cylindroid.

Let r be a point on this surface. Then, the parametrization of the cylindroid is

given by
M :r(p,0",¢) = (¢",0,0) +¢(0,cosp,sinp), ¢e€R. (51)
Clearly, the rulings of the surface pass through the z-axis, meaning
M:p*i=x= %(Ag —Ay)sin2p, y=ccosy and z=gsingy. (52)
Equation (52) establishes that the intersection of the principal axes €12 and €2

lies at half the height of the cylindroid ¢*. Consequently, we obtain the algebraic
equation

M (y? + 22z + (A — Ag)zy = 0. (53)
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Fig. 2. The cylindroid.

The cylindroid has two integral invariants of the first order, which depend only
on their difference: Ay — Ay =1, 0 < p <27, —1 <¢ <1 (Fig. 2).

Geometric properties of the cylindroid

The cylindroid has two torsal planes 7, w2, each containing a torsal line L as
described below.

(A) When A # 0.

In this case, the parameter-ruled surface €(v;(t),v2(t)) is non-developable sur-
face. There exist two real rulings passing through the point (x,0,0) only if
x < (Ag —Ay)/2. For the two limiting case x = £(As — A;)/2 the rulings coincide
with the principal axes €12 and €as.

(B) When A = 0.

In this case, the parameter-ruled surface €(v1(t),v2(t)) is developable surface.

The two torsal lines Ly, Lo are given by

A
Lig: 2 =tang = +,/-=2, 2=+(Ay— Ay)/2. (54)
z AQ

These two torsal lines Li, and L, intersect at a right angle. Furthermore, solving
for y/z, we obtain a second-order algebraic equation whose roots are

LA i[AQ_Ali\/(AQ—Alﬁ—ALx?]. (55)

z 2z
Thus, the boundaries of the cylindroid, can be determined by setting the discrimi-
nant of Eq. (55) to zero, which gives the two extreme locations:
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Equation (56) defines the positions of the two torsal planes.
Classification of the line congruence

In this particular case, when the condition Ay — A; = 0 holds, the cylindroid
simplifies to a collection of lines passing through the origin within the torsal plane
z = 0 (as well as the two torsal planes containing the z-axis). This type of line
congruence is referred to as an elliptic line congruence. Conversely, if A; and A,
have have opposite signs, the lines L; and Ly remain real and align with the rulings
€12 and €59, forming what is known as a hyperbolic line congruence. When either A4
or Ay equals zero, the resulting configuration is termed a parabolic line congruence,
where both L, and L, coincide with the x-axis. Specifically, if Ay # 0 while Ay =0
or vice versa, the lines instead align with the y-axis.

3.2.1. J. Liouwille’s formula
Once again, by differentiating Eq. (48) and utilizing the relation

de,  08,ds; 08 ds

T~ A~ A~ ~ T~ 57
ds 0sy ds 05y ds (57)
we obtain
desy dejg  Oex) . . . 0eja 5. 0Oex . 9.
o ( 95, + 95, sin @ cos p + 9%, cos” ¢ + 9%, sin” ¢
+ (—€128in ¢ + €29 cos @)E\ (58)
Furthermore, from Eqs. (43) and (48), we determine
€3 = —sin @612 + cos @622. (59)
Applying Eqgs. (35), (37), and (47), Eq. (58) simplifies to
d/é2 ~ ~~ —~ ~ ~ . o~ d@ ~ ~
—— :=e€e]+Xxes = | Xx1co8p+ X28Inp — — | es +ej.
ds ds
Thus, we establish
- N dp
X:X1C0590+X281n90_d_§7 (60)

which corresponds to J. Liouville’s formula in surface theory [1-4,7].

Theorem 3.1. For the line congruence €(vy,vs) there exists a relation involving
the Darboux vectors of the Blaschke frames given by

N PN RPN dp\ ~
W = cos pw1 + sin pws — (d—f> e;. (61)
5
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Proof. By substituting Eq. (59) into Eq. (45), we express W as
W = xe; — sin peo + cos pess.
Using Egs. (36) and (38), this can be rewritten as
W= (X—X1€08p — X2sinp)e; + cos pw; + sin pws. (62)

Finally, incorporating the geodesic curvature from Eq. (60) into Eq. (62), we retrieve
Eq. (61). O

3.3. The dual angle of pitch

It is well known that the dual angle of pitch serves as a fundamental invariant for a
closed ruled surface, as demonstrated in various studies [13,16-18]. Consequently,
we introduce an alternative geometric interpretation. To begin, we establish the
following relations:

des o, + op L3 )e )
—~— — — COs — s >
051 vel 051 t)=s
de B 00\~
oc2 = —sinye; + L es,
055 05
" . (63)
des sin pe 09 4+ |e
b R (== 45
9%, ¥e1 95, 1] €2,
des I 00 .\~
a§2 = COS peq (a§2 + %2) 82.)
Next, for a parameterized ruled surface satisfying
e (v1(t),va(t)) =€er(v1(t 4 2m),va(t + 2m)), teER, (64)

we can characterize the closure condition. Additionally, in the plane Sp{es, €35}, we
define the dual unit vector as

i = cos 36, + sin ;3 with (8 + 3, (65)

which describes a developable ruled surface (torse) passing through the orthogonal
trajectory of the e;(t)-closed ruled surface. If we denote the dual angle of pitch of
the €1(t)-closed ruled surface by 3, then it is given by

E:ZA—SP:de, (66)

where A represents the pitch angle and I' denotes the pitch of the closed ruled
surface €1 (t)-closed ruled surface. In fact, from Egs. (65) and (66), we find that

2 — flden8) = (e, (67)
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From this, it follows that

882 862 o~
3 - -2
7{<831d 51+ % 2d52,e3>

ey dey £
:% [<8§\2, >d81+< A2,e3> S ] (68)
Applying Green’s theorem, we obtain
dey . 0 "
== [ [ () -5 <‘” >)1d81d82- ®

Using Eq. (61) and the symmetry property 5= (g—)

_z_//dsldSQ_//m (70)

where da := da + eda* = dsidsy represents the D-area on the dual unit sphere
bounded by the closed trajectory €1(t) = ey (t + 27).

T we conclude that

Theorem 3.2. In E3, the dual angle of pitch of a closed ruled surface corresponds
to the negative total dual spherical area of its dual image.

However, using Eqgs. (32) and (67), we obtain

—¥ = //(1 +eAq)(1 + eAg)dsidse

= //d51d82+€/ (A1 + Az)dsidss.

Thus, by distinguishing between the real and dual components, we establish the
following relationships:

A=—a and I = //(Al + Ag)dsidss.

Here, a = [[ dsidsy represents the spherical area on the real unit sphere enclosed
by the closed trajectory e (t) = ey (t + 2m).

3.4. Examples and remarks

In this subsection, we present illustrative models to verify the approach.

Example 1. The dual coordinates e; = (e; + ce}) for an arbitrary point € € K,
centered at the origin, can be expressed as

€(5,<) :== (cos #sin g, sin ssin g, cos <), (71)

where ¢ = x4 ex* and ¢ = ¢ + &¢* are D-angles with »*, ¢* € R, 0 < s < 27 and
0 < ¢ < m/2, respectively. By separating real and dual components, we obtain

e1 =cosxsing, e] = —x"sinzsing 4+ ¢* cos »xcosg,

ez =sinssing, ej = x* cosxsing + ¢*sin s cosg, (72)
_ * _ * 1

€3 = cosg, e3 = —¢"sing.
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The equations above describe a four-parameter motion of a line in E2. To obtain
a line congruence in E3, we define 7 = (,¢) and < = (s,), leading to the line

congruence

€(s,¢) = (cos ssing, sin »sing, cosg) + (" (— sin s sin g, cos s sing, 0)

+¢*(cos s cos g, sin s cos g, —sing)]. (73)
Using Egs. (72) and (16), we derive

)
[=sin“¢, m=0, n=1,

" =2 0" § +<* i
=2 ——sin cos¢ | sin
0x* os* os*
* e )
m (—8§ sin? ¢ + 8%) e
Thus, we obtain
O™
sin¢ds? + ~ sin?¢ + dsds + dg
Ay = & ) (% 2)
sin? ¢dae? + dg?
(75)
Principal ruled surfaces of the line congruence
Let ¢ = d” . Using Eqgs. (27) and (74), we obtain the quadratic equation
0 os* 0*
sin2g<a%q 9o >C + 25sin? g(az sing+g*cosg)<
Ox* . os*
i — | =0. 76
+(a< Sm”w) (76)
Since this equation is quadratic in ¢ setting its coefficients to zero yields
0x* | os*
i B
s sme O ’
0
ismg—i—g cos¢ =0, (77)
O
0x* g™
— =0.
e sin? S+ D2
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These partial differential equations determine the principal ruled surfaces of the

line congruence. Given that ¢* = —s 4 ¢ and »* = » + ¢, we obtain
sin¢ —1=0, 1+(—%+§)c0t§:0:>§:ig. (78)

By substituting these results into Eq. (73), we derive

€(s) = £(cos s, sin »,0)

T _ T
+e [(%i 5) (F sin s, £ cos 5, 0) + (—%:I: 5) (0,0, ¢1)]. (79)
Thus, we obtain
1 1
h(s,v) = :I:Z(:Izl +2), k(x,v)= ii' (80)

Thus, the principal ruled surfaces of the line congruence are

™ . T
Py(s,v) = ((—%—l— 5) sin s + v cos s, — (—%—I— 5) Ccos s

—|—vsin%,%—|—g), veR (81)

and
T . 7r
Py(s2,v) = (— (%—i— 5) sin ¢ — v cos x, (%—l— 5) Ccos

) m
—vsin s, »x — 5), v eR.

(82)

For —2 < v < —2, and 0 < s < 27 the corresponding principal ruled surfaces are
depicted in Fig. 3.

Fig. 3. The principal ruled surfaces.
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Developable ruled surfaces of the line congruence

Let A(s,¢) =0, and ( = Cfi—z‘. Then,

O O o¢* o¢*
(i sing + ¢~ cosg) sin¢C? + (i sir12g~|—i>(:—|—i =0, (83)

O s 0 0s

which leads to the conditions:
0" 0" os* os*
ai%sin§+g*cosgzo, a—%gsinzg—{—ai%:O, 8—2:0. (84)

Solving the above partial differential equations yields
x" = +(cosx — sin x) cots, ¢ = +(cos s + sin x).

Thus, the developable ruled surfaces can be characterized as follows: Since g x e =
e*, it follows that

g2 oSG — ggsin s sing = ej,
—g1COSG + g3 cos xsing = e,
(g1 sin s — ga cos ») sing = ef.

The coefficient matrix for the unknowns g1, g2, and g3 is

0 COS ¢ —sin »sing
— COS¢§ 0 cos »xsing |,
COS xsing — Ccos zsing 0

which has rank 2. The rank of the augmented matrix

0 COSG —sinssing €]

: *

— COS¢ 0 cosxsing e
sin s sing  — Cos 2> SIng¢ 0 es

is also 2; where 0 < 5 < 27 and 0 < ¢ < 7/2. Hence, this system has infinitely
many solutions, given by
g1 8in 2 — go cos . = —¢*,
g1 = (g3 — »*) tan cos » — ¢* sin 7, (85)
g2 = (g3 — »*) tang cos » + ¢* cos s.
Since g3 is arbitrary, we set g3 = »*, leading to the director surface:
g(s,¢) = (£(cos s + sin ») sin s, £(cos s + sin ») cos s, £(cos s — sin s) cot g).
Consequently, the line congruence takes the form
+(cos 3¢ 4 sin ) sin 3 + v cos s sin ¢
a(s,¢,v) = | £(cos » + sin ») cos » + vsin xsing |, v € R. (86)

+(cos 3 — sin ») cot ¢ + v cos¢
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Fig. 4. The developable ruled surfaces.

It is clear that once ¢, and ¢ are specified, the developable ruled surfaces can be
determined. When setting ¢(u) = s(u) = u, with —11 < v < —11,and 0 < u < 27
the developable ruled surfaces are visualized in Fig. 4.

4. Conclusion

In this study, we have examined the fundamental geometric properties of a line
congruence in E3, including its parameterization, principal ruled surfaces, and asso-
ciated curvature measures. By utilizing the E. Study map and dual unit sphere rep-
resentations, we established a rigorous framework for analyzing both developable
and non-developable ruled surfaces within a given line congruence. The distribu-
tion parameters and their extrema play a crucial role in classifying the princi-
pal ruled surfaces, while the introduction of kinematic geometry concepts further
enhances our understanding of line congruences in the context of Euclidean differ-
ential geometry.

Future research may explore the role of Lie group structures in governing trans-
formations of line congruences, as well as extend these results to broader geometric

2650081-19



Int. J. Geom. Methods Mod. Phys. Downloaded from www.worldscientific.com
by Areej Almoneef on 12/21/25. Re-use and distribution is strictly not permitted, except for Open Access articles.

A. A. Almoneef & R. A. Abdel-Baky

settings such as affine and projective spaces. Additionally, we aim to integrate
insights from submanifold theory and singularity theory, as discussed in [19,20], to
further investigate the implications of our findings. This approach may lead to new
theorems concerning symmetric properties in this domain.
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