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Abstract

This paper solves milburn’s intrinsic noise (IN) model for a 3-level atom of an =-type interacting with
a coherent cavity field via multiphoton transitions. Therefore, the effects of the intrinsic noise and the
multi-photon interactions are investigated for some quantum phenomena, such as total correlation,
entanglement, and atomic inversion. In general, we found that the collapse-revival phenomenon
occurs during the oscillatory behaviour of atomic population dynamics. In addition, the birth-death
phenomenon is observed in the negativity dynamics. Entropy, negativity, and mutual information
have various dynamics. It is found that, as the entropy increases, the negativity and mutual
information diminish to stationary levels. When intrinsic noise is considered, all the phenomena of
atomic inversion, entropies, negativity and mutual information exhibit high sensitivity to high
intrinsic noise values, except the mutual information dynamics, which is more resistant than that of
the other quantifiers.

1. Introduction

In 1963, the Jaynes-Cummings model (JCM) was introduced as the initial approach to studying quantum
systems composed of a two-level atom interacting with a single quantized cavity mode [1]. The JCM has since
been the subject of numerous theoretical investigations [2] as well as experimental studies [3—6]. Over the past
few decades, this approach has been extended to encompass diverse quantum systems, exploring various aspects
such as photon transitions, intensity-dependent couplings, Stark shift, and Kerr non-linearity [7-11].

One notable extension of the JCM involves the consideration of three-level atoms in different configurations
(A, V,and E) interacting with one- or two-mode field(s) within a cavity. Researchers have extensively examined
the interaction between a three-level atom and a one- or two-mode cavity field [12].

Furthermore, investigations have explored three-level atom models, incorporating additional elements such
as multiphoton transitions, field-dependent coupling constants, Kerr-like mediums, and non-correlated two-
mode fields [9-16]. Advancements in experimental techniques have furthered the understanding of such
systems, particularly in the case of trapped ions [17], cooper-pair boxes [18, 19] and flux qubits [20].

Quantum information processing offers various avenues of implementation for three-level atom systems,
also known as qutrits [21-23]. The exploration of nonlinear interactions between multilevel atomic systems and
electromagnetic cavity fields has greatly advanced our understanding of quantum coherence, entanglement, and
the loss of purity [24, 25]. These quantum phenomena have emerged as crucial research areas due to their
fundamental significance in quantum information processing [26]. Thus far, our focus has primarily been on
studying the dynamics of closed quantum systems, where no unwanted interactions with the external
environment occur. However, in real-world scenarios, unwanted interactions with the outside world pose
challenges. The existence of such noisy processes necessitates a comprehensive understanding and effective
management for the development of practical quantum information processing systems [27].

Quantum coherence in quantum systems is influenced by two key factors arising from their interaction with
the environment. The first factor is the loss of entanglement or coherence, which occurs due to the unitary

©2023 IOP Publishing Ltd


https://doi.org/10.1088/1402-4896/acdda5
https://orcid.org/0000-0003-3404-5808
https://orcid.org/0000-0003-3404-5808
mailto:m3tz@aun.edu.eg
https://crossmark.crossref.org/dialog/?doi=10.1088/1402-4896/acdda5&domain=pdf&date_stamp=2023-06-23
https://crossmark.crossref.org/dialog/?doi=10.1088/1402-4896/acdda5&domain=pdf&date_stamp=2023-06-23

I0OP Publishing Phys. Scr. 98 (2023) 075106 A-SFObadaetal

3-level Atom = - Type

'cavity

Figure 1. Quasi model of Z-type 3-level atom.

interaction between the quantum system and the cavity field [28]. The second factor is the decoherence or decay
of quantum coherence resulting from the interaction between the quantum system and the surrounding
reservoir [29]. Overcoming the challenges posed by these disruptive factors is a significant hurdle in quantum
information processing.

In this study, we investigate the efficacy of a particular approach known as IN (Interaction with the
Environment) for three-level atoms of the =-type. IN is recognized as a crucial method for simulating
decoherence phenomena. It reveals its effects as the system evolves, leading to the automatic disappearance of
coherence and eventual collapse of the quantum system [30]. Theoretically examine the dynamics of IN in a
three-level atom of the =-type, we employ the Milburn equation as our primary mathematical framework for
describing the dynamics of open quantum systems. Specifically, we consider a scenario where the qutritis
initially in the upper state and interacts with a coherent field through multi-photon transitions. Subsequently,
we obtain the density matrix and present a numerical simulation to demonstrate the impact of IN and photon
multiplicity on various quantum effects.

The structure of this paper is as follows: section 2 provides the analytical solution for the IN model. In
section 3, we present the quantum effect quantifiers along with their corresponding numerical simulations.
Finally, in section 4, we summarize the key findings obtained from this research.

2. Physical model

In this section, we introduce the =-type three-level atom configuration, where the energy levels are labeled as
follows:|1) represents the upper state, |2) corresponds to the middle level, and |3) represents the ground state
(refer to figure 1). In the case of resonance, the interaction Hamiltonian of the system, under the assumption of
the rotating wave approximation (RWA), can be expressed as follows:

Ay = N@M1) (2] + a™[2) (1) + N\a(@h2) (3] + a'[3) (2]) (1)

where a and a represent the creation and annihilation operators of the field, respectively. The parameter k
denotes the photon multiplicity. The notation |m) (n|(m, n = 0, 1, 2, 3) signifies the atomic ladder operator
connecting the levels of the atom. Additionally, A (r = 1, 2) represents the coupling strength between specific
atom levels, denoted as A, for the transition |1) < |2) and ), for the transition |2) < |3)).

The Milburn equation [31] is a widely recognized equation that describes the dynamics of intrinsic
decoherence (IN) in quantum systems. It captures the impact of the unitary interaction between the cavity and
the qutrit, which leads to the manifestation of IN. The specific form of the Milburn equation for this model is as
follows:

p A A2 MATY | Afy2
d—f = —i[HA, p] — y(A*p — 20pHA + pA?), ®)
where yis the parameter of IN.

In order to find the solution to equation (2),we take into account the initial conditions where the field is
prepared in a coherence state and the atom is in an excited state. Hence, the initial density matrix, denoted as
p(0) can be expressed as follows:

-~ a™
,b(O) :quq:|l,m><l, 7’l|, qm:eT
o N m!
where N = ||* refer to the mean number of photons.
Our problem can be mathematically formulated in Hilbert space, which is spanned by the basis{|®,) = |1,
m), |®,) =|2,m + k), |®s) = |3, m + 2k) }. The dressed states U} (i = 1, 2, 3) satisfy the eigenvalue problem
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H|U™) = E"|U") and are given by:

—y 0 u
[¥7") w1y
| =6, V2 &2 V2 ({19 ], (4)
%) w1 v ffes)

72 gmﬁ 72

where u = A/ (m L0y = (":;i;,z)' — —, and the corresponding eigenvalues are

E"=0, E})s = £ (©)

Em

In this context, we will consider two cases: one-photon transition (k = 1) and two-photon transition (k = 2),
where \; = A\, = Ainboth cases.
Now, using equation (2), the time evolution operator for the states can be expressed as follows:
Xi" = Q) (Ul (6)
where Q""" = el —i(E"—ED—y(E"—E! Y]t

Now, from equation (2) and (6), the density operator of the system can be expressed as follows:

00 3
PO = > > (€.)%,4, O )
m,n=01,j=1
where ©; are:
O11 = (Vv + %[(vmun)zcu + (umva)?all + i(umun)zlu,
1
62_2?1;317—’— néb,—z,,
12 4€n[uva Ut ( c)]
@13—%21 m( 2007 + ay) + u"t: ( 2aF + by),
Ul
Q,, = u[m — 2c4],
48,6,
Uty V,
@=L 9 i“ ,
23 s [ a’]
O, = (U Vim) (U V) (4 I}in ~2a, + a-t) + b+],
where:

ar = Q5 + Q" (ap)* = Q" + QFF,
bi = (sz 33) + 4+ = Q%n + '3”2”.

And ©; = @ Vi, j=1,2,3.
In the followmg section, we will run a numerical approach supported by some figures to investigate the effect
of the IN on some quantum phenomena.

3. Numerical simulation for some quantum indicators

In this section, we will apply the solution obtained from the previous section in a numerical context to explore
the effect of some physical parameters, including intrinsic decoherence (IN), photon multiplicity, and mean
photon number, on various quantum phenomena. Specifically, we will investigate their effects on atomic
inversion, total correlation, and quantum coherence. By conducting numerical simulations, we aim to gain a
deeper understanding of how these parameters influence the behavior of the system and the resulting quantum
effects.

3.1. Atomic population

The phenomenon of atomic population inversion plays a crucial role in the field oflaser science. To comprehend
this phenomenon, it is necessary to gasp the interaction between the =-qutrit and the cavity-field, which is
analogous to how light interacts with matter in a laser system [32]. Additionally, the phenomenon has a vital role
in quantum meteorology, which can be used to create highly accurate atomic clocks [33]. It can also be used to
achieve highly sensitive spectroscopic measurements [34]. The disparity between the probabilities of finding an

3



Phys. Scr. 98 (2023) 075106 A-SFObadaetal

J—

r
0

L
[ 2 4 6 8 10 12 14 16 18 20
At

Figure 2. The atomic population for each level with N(mean photon number)=16 and y = 0 (IN-parameter).
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Figure 3. The atomic inversion A(f) dynamic for N(mean photon number)=16, for the different values of v (IN-parameter) are: 0
(blue curve), 0.0001 (red curve), 0.001 (green dashed curve, and 0.01 (black curve), with k (the photon multiplicity)=1in (a)and k = 2
in (b).

atom in its lowest and highest energy states is referred to as atomic population inversion. In our model, the
formula for atomic inversion can be expressed as follows [35, 36]:

A(t) = (ip ()| D1) — (D3]p(1)]D3), ()]
|P1) = |1, m), |®5) = |3, m + 2k).

Figure 2 depicts the dynamic behavior of the atomic population in each level, which motivates us to define
the atomic inversion as shown in equation (8).

Figure 3 illustrates the dynamical behavior of A(¥) for different values of IN and k-photon transitions, with
N = 16. The graphs demonstrate that the atomic inversion undergoes collapses and revivals, this refers to the
consistency and variability of the qutrit energy transfer. The revival oscillating between its extreme values (£1)
around A(f) = 0. The oscillation occurs around zero because a pure state is considered. As in [30], a comparison
between mixed and pure states was set up, and it was noticed that in the case of a mixed state, the oscillation of
A(#) shifted up to a certain point. As well, during the time-independent intervals when the population inversion
is zero (collapse intervals) or constant, there is no energy transmission and the qutrit remains stable ina
superposition state of the upper and lower states.
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one photon transition (i.e k = 1) for various values of 70,0.0001,0.001 and 0.01 respectively in a,b,c and d.

Figure 4. The dynamical behaviour of S(t) (black dashed curves), S4(t) (blue centred curves) and S(¢)(red curves) with N = 25 and

In figure 3(a), for k = 1, A(¥) exhibits regular behavior in the absence of intrinsic noise, and the collapse and
revival phenomenon is performed well. However, in the presence of IN with small values, such as vy = 0.0001,
A(?) retains its oscillatory behavior, but the amplitude of A(#) is smaller than when the noise is absent. Figure 3(a)
also shows that as IN increases, the amplitude of A(f) decreases until decay at vy = 0.01(black-dashed line). The
presence of intrinsic noise (IN) in atomic clocks can lead to a reduction in their accuracy by causing the atomic
population inversion to decay over time [33]. This is consistent with the theoretical study of the effect of IN on

the dynamic behavior of A(t), as shown in figure 3.

Figure 3(b): compared to the scenario when k = 2, it shows that the regular oscillatory behavior of A(¢) and
its amplitude appears over a long range of time, but each amplitude decreases over time. Additionally, the
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Figure 5. As figure 4 but for two photon transitions (k = 2).

phenomenon of collapse and revivals is very sensitive to IN. As shown in the inset figure, when IN is ignored, A(#)
maintains its oscillatory behavior with no damping over the evolution of time. However, when IN is taken into
account, A(f) gradually loses its height while keeping its oscillatory behavior by increasing the IN.

Opverall, the precise dynamics of the atomic population in the presence of IN can be influenced by a variety of
factors, including the strength of the coupling between the system and its environment, the nature of the noise,
and the initial state of the system.

3.2. Entropy
In any system, there are two factors that may be responsible for purity loss:

+ The unitary interaction, which can cause purity loss (or coherence loss) from the perspective of one of the
subsystems during the process, typically referred to as entanglement.
+ Theinteraction of any subsystem with the environment, which can also cause purity loss. This phenomenon is
known as coherence loss and is generated by the environment.
The Von Neumann entropy is a quantifier used to measure the degree of purity of a state represented by the
density operator, p(t).
S(p@) = —Tr(plogp), €
if {g;} are the eigenvalues of p(t), then equation(9) reads,

S(t) = =) g;logg; (10)

i=1

Now, the entropies of a sub-system (atom and cavity-field) are give by:

Si(t) = —>_ r/logr/ j=A,C (11

And {rij } are the eigenvalues of the reduced density operator pi(t).
Some properties of S(p):-

(1) Itisanon-negative operator, meaning that S(¢) > 0.

(2) Itsatisfies the triangle inequality known as the Araki-Lieb inequality [37]:

1S4(t) = Sc(O)] < S() < Sa(t) + Sc ().

(3) The minimum value of S(¢) is zero.
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Figure 6. The dynamic behaviour of N(t) and M(#). The 3D-figures are plotted with respect to the different values for IN and with
N = 16 with k = 1in (a,b). M(#), N(¥) are shown in 2D figures as line-centered curves and solid curves, respectively. with y = 0.01 A
andk = 1.

(4) IfS(t) =0, thenSs(t) = S(1), and this occurs only if the system is in a pure state and closed (i.e v = 0).
Several related works have also explored the concept of entropy in the context of quantum systems,
including [38, 39].

Figure 4 illustrates the entropies for the qutrit (initially in a pure and excited state), cavity field (initially in a
coherent state with a mean photon-number N = 25), and total entropy, in the order of S,(#), Sc(f) and S(¢). The
purpose of the figure is to investigate the effect of different values of the intrinsic noise (IN) on the dynamical
behavior of the entropies. Figure 4 (a) represents the optimal case of the absence of the IN. This observation is
consistent with the properties of S(p) presented in this section, namely that S4(f) = S(f) and S(#) = 0 in case of
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Figure 7. As the same data of figure 6, but with k = 2.

~v = 0. Figure 4(a) is considered the reference case for this simulation and provides critical information: S,(#) and
Sc(#) exhibit the same behavior, and all three entropy functions start from zero, which agrees with the theoretical
simulation. Furthermore, S(f) should satisfy the Araki-Lieb inequality. Figure 4 (b) depicts the behavior of the
entropy functions in the presence of a small value for IN, which results in some changes to the graph.

One of the observed changes is that S4 and Sc exhibit the same oscillatory behavior, but S, < Sc.
Furthermore, the difference between Scand S4 causes the total entropy to grow dramatically, which is consistent
with the Araki-Lieb inequality. In figure 4(c), when the rate of IN is increased, the entropy functions remain at
zero. However, the oscillatory behavior in S, significantly declines, while S remains stable. In figure 4(d),it is
shown that when IN is large, the oscillatory behavior in S4 and Scis washed out.

Figure 5 depicts the evolution of the entropy functions S, Scand S with IN and two photon transitions
(k = 2). From the comparison with figure 4, we can deduce that the regularity of the oscillating behaviour is
dependent on photon multiplicity. In the case of two photon transitions (k = 2), the initial purity of the entropy
is more brittle than the case of single photon transition (k = 1).
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3.3. Negativity and Mutual information

Here, we will investigate two important measures for correlation and entanglement, the negativity and the
mutual information; We use the negativity to investigate the entanglement between the qutrit and cavity field
under the influence of photon multiplicity in the presence of intrinsic noise, but the mutual information is used
for studying the total correlation.

1. Negativity: is a measure of entanglement, which is easy to compute by computing the norm (|.||) of the
matrix (p(¢)7), which is generated by applying partial transpose on density matrix p(¢) [40]. Hence, the
mathematical form is given by:

N() = (12)

[p@®T] -1

2
If N(t) = 1, this is an indicator to maximum entanglement. Moreover, if N = 0, This refers to
disentanglement between the qutrit and the cavity.

2. Quantum mutual information (QMI): is a measure of total correlation, which is given by [41]:

M(t) = il(z Si(t) — S(t)l i=A,C (13)

The entanglement between the qutrit and the cavity is indicated by N(#), while the total correlation, which
carries both classic and quantum information, is described by M(#). For better understanding for the behavior of
these measures (negativity and QMI), it is important to analyze their dynamics.

The dynamics of N(f) and M(#) reflect the changes in the degree of entanglement and total correlation
between the qutrit and the cavity field under different conditions. The behavior of N(t) and M(f) can be
described as irregular oscillations. The values of N(#) exhibit a decrease when the IN parameter takes on different
values, which may indicate a separable state or disentanglement between the qutrit and the cavity (see
figures 6(a), (). In contrast, M(f) shows some stability against the IN for different values (see figures 6(b), (c)).
We display the behavior of M(#) and N(¢) for two distinct values of k, where k = 1 in figure 6 and k = 2 in figure 7.
Specifically, figures 6(a), (b) and 7(a), (b) show the behavior of M(#) and N(¢) under the effect of different values
of the IN parameter, while figures 6(c) and 7(c) show their behavior in the case of y = 0.01 \.

For k = 2, M(#) and N(¢) exhibit the same behavior, but the oscillatory pattern has more regularity than in the
case of k = 1. When v = 0 or is nearly equal to zero, the negativity at some points on the time scale suddenly goes
to zero or nearly approaches zero value, and it also shows sudden growth (see figures 7(a), (c)). This
phenomenon is known as the sudden birth and death of entanglement [42, 43]. Moreover, M(f) resists the
influence of an increasing IN rate in the case of k = 2, as shown in figure 7(b). However, when we compare
figure 6(c) (k= 1) and figure 7(c) (k = 2), we observe that at k = 1, M(¢) the dynamic appears more stable than at
k = 2. The entanglement in the case of k = 2 deteriorates faster than in the case of k = 1. Additionally, at the
beginning of the behavior, we observe an interference between the two curves, indicating an entanglement area
that is destroyed more rapidly than in the case of k = 1 However, in the presence of IN with different values, M(¢)
exhibits some stability against the IN, unlike N(#), and this indicates that the effect of internal noise causes the
model to lose some of its quantum properties and brings it closer to classical bounds (see figures 6(b), (¢)).

4, Conclusion

In this article, we studied an Z-type three-level atom resonantly interacting with a cavity field. The field is
initially prepared in a coherent state, and the atom is in its upper state. Our focus is on studying the decoherence,
which is presented through an analytical solution for the Milburn equation. We aim to understand the effect of
physical parameters, such as photon multiplicity and intrinsic noise, on atomic inversion, quantum coherence
through entropy, entanglement using negativity, and correlation through mutual information. We observe that
the collapse-revival phenomenon is highly sensitive to intrinsic noise, and the oscillations and amplitudes of the
atomic inversion curves depend on photon multiplicity. The entropy functions exhibit highly dependent
behaviour on photon transitions and intrinsic noise. The regularity of the oscillatory behaviour and the
amplitude of the oscillations show high sensitivity to these parameters. While the cavity and qutrit-cavity
entropies rise without limitation, allowing the Araki-Lieb inequality, the stationary value of the qutrit entropy
remains fixed. Moreover, we find that the physical properties of the unitary interaction, intrinsic noise, and
photon multiplicity affect the produced qutrit-cavity entanglement and total correlation. The negativity
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depends on the intrinsic noise and the number of photon transitions, while the mutual information shows some
robustness against the intrinsic noise. However, the behaviour of mutual information shows a dependency on
the photon multiplicity parameter.

Data availability statement

All data that support the findings of this study are included within the article (and any supplementary files).
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