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An Extension of Basic Humbert Hypergeometric Functions ®;, $; and $3

Ayman Shehata

ABSTRACT: Given the growing quantity of proposals and works of basic hypergeometric functions in the
scope of g-calculus, it is important to introduce a systematic classification of g-calculus. Our aim in this
article is to investigate several interesting g-partial derivative formulas, g-contiguous function relations, g¢-
recurrence relations, various g¢-partial differential equations, summation formulas, transformation formulas
and g-integrals representations for basic Humbert hypergeometric functions ®1, ®2 and ®3 under constraints
of symmetry parameters. These interesting properties, as special cases, include many known expansions of
basic Humbert hypergeometric functions ®1, ®2 and ®3, and are also include particular interest in the area.
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1. Introduction and Definitions

Basic hypergeometric series have assumed great importance during the past decades or so due to
their applications in diverse areas. That means, for example, number theory, partition theory, statistics,
combinatorial analysis, quantum mechanics and vector spaces, etc [1,3,4,5,6,7,8,9]. The development of
the transformation theory is based on the summation formulas for basic hypergeometric series. Indeed,
most of the summation formulas for basic hypergeometric series are proved as special cases of the trans-
formation of the hypergeometric series, which are used again to obtain new transformation formulas and
to prove the various summation formulas for basic hypergeometric series in a scientific manner, without
the use of the majority of the transformation theory of basic hypergeometric series (see for example
Jain [10,11], Kandu [5], Rahman and Verma [12], Upadhyay [13], Verma [9], Verma and Jain [14,15],
Wang and Chern [16]). Later on Jackson [17,18,19], Agarwal [1] defined and introduced the g-analogue
of Appell functions. In [20], Kim et al. studied the g-analogue of Kummer’s theorem and its contiguous
results. In [21,22], Harsh et al. investigated of g-contiguous functional relations of basic hypergeomet-
ric functions. In [23], Andrews derived the summations and transformations for basic Appell series.
In [24,25,26,27,28,29,30], Ernst discussed the certain generalizations of g-hypergeometric, g-Appell and
g-Lauricella series of two variables. In [10,11], Jain established the transformations of basic hypergeo-
metric series and their applications. In [9,14,15], Verma and Jain introduced the transformations of basic
hypergeometric series. In [31,32], Shehata presented the (p, ¢)-Bessel and (p, ¢)-Humbert functions. Sev-
eral properties for basic Horn functions Hs, Hy, Hg and H; was earlier investigated by Shehata [33,34].
Recently, AL E’damat and Shehata [37], and Qing-Bo Cai et al. [2] investigated some properties of
bibasic Humbert hypergeometric functions ®;, Z; and Z5. Shehata et al. [38] have investigated and
discussed the new formulas for basic Humbert hypergeometric functions.
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2 AYMAN SHEHATA
Definition 1.1 Let 0 < |q| < 1, ¢ € C and ¢ > 0, the g-shifted factorial is defined by (see [33,34])

—1 _ _ _
o 1—g*tr), £>1,¢* e C\{1,¢ "¢ 2,...,¢""};
(g% ) = { [ —o(1—q"), £>1,¢*€C\{l,q7},q ¢}

1, £=0,q*€C. (L.1)
=g =gt (1 =gt LeN, ¢ e C\{l,q7 ¢ 2, ..., ¢t .
] 1, {=0,q* € C,
where the symbols C, N denote the set of complex numbers and natural integers, respectively.
Definition 1.2 For Re(m) >0, n #0,—1,—2,..., the g-beta function is given as follows (see [}])
1
—1 (at9)
B,(m,n :/ tm 1(7d t. (1.2)
o= ) (ta";q)oo
The notations and identities which we need in our subsequent work are as follows: (see [39])
1 — gottts a+l+k
(@ Qern =~ (0" Q)ern = L‘A‘A———Jg(qa;qh+ﬁ,€,n € No = NU {0}, (1.3)
1—gq [a]q
where the g-number (basic or quantun number) [a], is defined by (see [4])
1—¢”
[a], = g ,aeC,0<lg <1,qeC,
— ¢ 1—
(@ Qepr = {1 + qaﬁ + an d }(q 5 Q) et ks
- q’“ (1.4)
{1+qa1 " Mk }q Qe q" # 1,4,k € No
—q 1 —q®
and ] . ’
— — (1+qa q a+m q )
(@ Q) e4x " a-q*) (¢ qe+n (15)
1—¢' 1- '
:(1+qaq gt 1 > ,q% # q,¢,k € Np.
q—q“ q—9%) (@% Qe+r
Definition 1.3 The g-difference operator D, , is defined by Jackson [17,18,19] as follows
U(z) — ¥(gz)
D,g¥(z) = —F——, ) 1.
»q (Z) (1—q)z Z#O ( 6)

where U is a function defined on a subset of the complex or real plane.

Definition 1.4 For 0 < |¢| < 1 and q € C, we define the basic Humbert hypergeometric functions ®1,
®, and ®3 as follows in the form

3 d)nTY _ _
® =®1(¢",¢"; 0" ¢,2,y) z: ,)ﬁ.),W#Lqﬂqauq (1.7)
nk:O a n qvq n\4q;4)k
&y = ®5(¢%, 9" 075 4,2, 9) }: )n(4”; @rz™y* QO #1,q " q? (1.8)
’ oy n%@ﬂ%@ﬂh’ U '
and
Py — Ba(g®: P _ — (qa;q)nxnyk B 21 g1 g2
3 = 3((] 3 q 7Q7xay)* Z (qﬂaq)n-i-k((Lq)n((Lq)k’q 7£ yqd 4 Ty (19)

n,k=0
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Lemma 1.1 For ¢ >0 and > 0, the relation is given by (see [40])

SO AR =)
{=0 k=0 =0

In this study, we express a family of extended forms, to motivate the former works [33,34]. In this paper,
in a systematic way, we aim at establishing new g¢-partial derivative formulas, ¢-differential formulas,
g-recursion formulas, g-differential recursion relations, g-contiguous function relations, g-partial differ-
ential equations, summation formulas, transformation formulas, integral representations and interesting
transformations for ¢ or basic Humbert hypergeometric functions ®;, ®, and ®3 under what constraints
of symmetry parameters..

4
> A -k, k). (1.10)
=0

K K

2. Derivation of Main Results

In this section, we will derive our main results.

Theorem 2.1 The following q-derivative formulas hold true for ®,, ®5 and P3

(4*:9)r(a% @)r .
D SEICILVLCISUILE SRR (2.1)
T (01— q) ( )
(9%;:9)s
Dy B1 = — B (" ),
e (07:9)s(1 —q)* ( ) 2.2)
T s (qa; Q)T-‘rs (qﬁ; Q)r a+r+s _B+r Jrds '
]D)w,q]D)y,qq’l - (q’y; q)r+s(1 - (I)TJrs @1((] 4 ;q’Y )’
D" 9 = %‘I’Q(QM'T' q'y+r)
ol (@:9)r(1—q)
(¢%;0)s 5
Df By = — 5 By (¢"FE 0T, (2.3)
. (¢7;9)s(1 —q)°
.o (¢*;9)r(¢°; 0)s abr s, iris
DI,qDy,q(I)Q N (qu; q)r+s(1 - Q)r-‘rs ® (q 4 ’q’Y )
and
D" &5 = (¢*;q)r (I)S(qa+r. q5+r)
o (¢%:q)r (1 —q)"
1
Dj @3 = ——————®3(¢""), 2.4
. (¢%:9)s(1 - q)* @) (24)
(4% q)r
D; D¢ H. — P. qa—i-r;qB-‘rT-&-s i
VAT (1= ) (07 @) sl )
Proof: Using (1.6) and (1.7), by differentiating of ®; with respect to x, we obtain
(oo}
1—qg" a; ,8; 7Ink 1 — g% 1_ﬂ
D, B1 = Z q" (4% Dtk @nz"y" _ ( q*)( q )¢1(qa+1’qﬁ+l;q7+1)’q77§ 1. (2.5)

e 1= (@5 Onin(@ (@ 0)n - (1-9)1-q7)

Repeating the ¢-derivatives of ®; with respect to x for r times, we obtain (2.1). In a similar way, we

obtain (2.2)—(2.4) . O

Corollary 2.1 The following relations for ®1, ®o and ®3 hold true

¢® 1 ®1(¢*, 4" q"; ¢, 2, y) = ®1(2q),

) (2.6)
¢® 1 ®1(¢%,¢% 4" q,2,y) = ®1(yq),
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q® 1 ®(q",¢%; q"; ¢, 2, y) = ®a(29),
q® 1 ®4(q%,¢% q"; q, 2, y) = ®2(yq)

and
equ(I)[ a B = &P.
q S(q ,q 34 7q7$7y) 3((Eq),
¢®r 1 ®3(q%,¢"; 47 ¢, x,y) = ®3(yq),

where Oy ¢ = 2D, 4 and Oy 4 = yD, 4.

Proof: Using an operator ¢®= f(x) = ¢*P=a f(z) = f(qz), we obtain (2.6)—(2.8).

Theorem 2.2 The functions ®1, ®o and ®3 satisfy the q-differential formulas:

(q“@z’q + [a]‘I)(I)l + ¢ 0y P1(qz) = [a]q<I>1(q“+1)7

(qaey,q + [O‘]q>‘1’1 + qO‘@z,q‘I)l(qy) = [O‘]qq)l(qa+l)v
@%M+m0@m@mﬁm
(qwl(ax,q +y - 1]q>‘I’1 + Q’kl@%qi’l(qx) =[y- l}q‘}l(qwil)a

(qﬂ/_l@y,q + Iy - 1]q>‘I’1 + ¢, ®1(qy) = [y — Uy @1(g" ),

w&w+m0@fﬂw@xw“x

(
(400 + 131 )20 = (32l

[qylgz,q +[y— 1]‘1] P, + q“/*l(-)y_’qu(qm) =[y- 1]q{>2(q771),
{cﬂl@y,q + Iy = 1y®2+ ¢ 1O,  Pa(qy) = [y — 1y Pa(q" )

and

(400 + [ely ) 2 = el Bat™ )

<q51@m,q +[8- 1]q> @5 +¢771@,,Bs(qr) = [B— 1], ®s(¢" ),

<q51®y7q + [ﬁ - l]q) ®; + qﬁil@x,qqﬁ(qy) = [ﬁ - l]qq’3(qﬁ71)-

(2.7)

(2.9)

(2.10)

(2.11)

(2.12)
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Proof: From (1.4) and using (1.7), we obtain the g-contiguous relation:

o0

Byt = 30 DO 5 0di )
= 1= (€5 Ontk(G k(g 0)n

oo

ol=0" 1= 0" (6% D nik(d”; @)nay"
> (1t 5
v l1—gq 1=q%) (@ Dntr (2 Di(d Dn

_ i (a%: @)nir(a®; Dna"y* | q*(1—q) i 1—q" (4% @)nrrla” @)na"y*

A @Dk G D@ O)n 1 —q* =0 1= q (5 0)n+k(@ Dk 0)n

+M i 1—¢" (¢% @nsr(@”; On(gz)"y*
1—q* = 1=q (@;@)n+k(¢ k(g Dn

=®1(¢",¢";¢"; ¢, 7,y) + Tl 0, ,21(¢%.¢":q"; ¢, 2, y) + ol 0,,21(¢%.¢":0";q,q2,y).
q q

Proofs (2.10)—(2.12) are similar in technique as the proof (2.9). O

Corollary 2.2 The g-partial derivatives for functions ®1, ®o and ®3 hold true
©.,,P1 + 0, Pi(q7) = Oy P1 + O, P1(qy),
(= NP1 =(1-¢"Ng"®1(¢"") = (1 - ") ' @1(¢"T),

a ﬁ@ By + Py(¢™ M)
o], B, vt ’ (2.14)

@w,qq)g + ®y7qq)2(Q$) = (")y)q‘I’z + @1)q@2(qy)

(2.13)

©;,,P2 + ‘1)2(‘1'6“) =

and

@93711@3 + @%q(ﬁg(qw) = @y’qq)g + @w’q‘l’g(qy). (215)
Proof: Using (2.9)-(2.12), we can easily prove that (2.13)—(2.15). O

Theorem 2.3 For { € N, the g-recursion formulas of ®1, ®o and P3 with the numerator parameters
hold true

+2 8 qax(l—qﬁ) ’ -1 +r B+1. ~+1
®,(¢") =®1(¢",¢"; ¢ ¢, 2, y) + ———— E ¢ (¢ g, )
(2.16)

(0%

4

y .

o > a0 g y), ) # L,
r=1

q
Jr1

o 14

q“y _
®1(q"") =@1(¢", 0" 05 g 2, y) + o > d @ (¢, M T g, y)
r=1

+ ) (T g qy), g A1, (2.17)

Ba(l — a®) &
q°x(1 —q _
ﬁzqr Y0y (¢, 0" g 2, y),

r=1

(4" =®1(¢*,¢%; ¢ q, 2, y) +

(e%

1—¢q"

4
> d T (g g y) g0 # L,

r=1

®y(q" ) =®2(¢%, ¢";¢"; ¢, 7, y) +
(2.18)

4
q* -
@5(¢") =@2(0”, " 075 g2, ) + 1 7 > T R T g, y) 0 £ 1

r=1
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and

o L
(0% (0% q € rT— aTT
®3(¢"") =®a(q™ 0% 0,7 9) T T > a8 g y) A L (2.19)

r=1

Proof: From (1.4) and (1.7), we obtain the g-contiguous relation:

o0

@1(qa+1)

q" 1— q’“} (0% On+x(d?; QOna™y*

]_ _
1 + qa + anrn
[ 1—q® 1—q% | (@7 Qs (G On (a5 Ok

Il
N

e
7(1&?(1 Vq )<I>1(qa+1,q’3“;q”+1;q7x,y) (2.20)
—q

'y
T 2T g g y) 7 # L

=®:(¢",¢";q"; ¢, 7,y) +

Repeating this computation on ®; for ¢-times, we obtain the g-recursion formula (2.16) with parameter
q®T*. Similarly, we get the g-recursion formulas (2.17)-(2.19). O

Theorem 2.4 The q-recursion formulas of ®1, ®5 and ®3 with the lower or denominator parameter
hold true

¢ r—1
- o q o .
2" ) = @1 +q2(1-¢")(1-¢) ) T =) i LT g ay)
=t (2.21)

®(¢*,¢% " 0", y). " £ 47 ¢ €N,

£ r—1
Hay-d") ) (¢ — q”()I(q’“*1 —q)

r=1

L r—1
W o q o -
®1(q ) =®1+qy(1—-¢")> @ —) g1 = qw)‘l’l(q TP T g )
=t (2.22)

L r—1
q B B
+qz(1—q*)(1—¢")> T T qw)@l(qo‘“,qﬁ;cﬂ“ "q,2,qY),q" £ q ¢ EN,

r=1

¢ -1
By(q" ") =R+ q"2(1—q%) > = qv)zqr—l ) Py g 2 y)
r=1
£ r—1
+q'y(1-4¢")) = qvg(qr—l — (" g " y) " # 4 €N,
e . (2.23)

By(q") =2+ qy(1—q")> By (¢" g, 2 y)

(=) =)
., N 4 q'rfl
ACE )Y (@ =)@ —q)

r=1

(" " g, 2,q7y), " #q7. ¢ r €N



AN EXTENSION OF BaAsic HUMBERT HYPERGEOMETRIC FUNCTIONS @1, ®2 AND P3 7

and
n r—1
— _ o q a+l, B+2—r
®3(¢" ) = @5+ Px(1—¢ ®3(¢* i q 1.,y
@) ( ); (¢"—¢°)(@ ' —¢%) ( )
n r—1
q B+2—r, -1
+q%y - ®3(—iq i0.q"2,y),¢" #q",¢" r N,
;(q’"fqﬁ)(tf L—¢°) = )
. (2.24)
qr—l sia_ )
®3(¢" ) = @5+ 4"y ®3(—;¢" g my
; (¢ —a")(q ! = ¢°)
n r—1
8 a q a+l, B+2-r -1
+¢"x(1—q") - ®3(¢"" ¢ iq.7.q"y).¢" # 4", r €N
—(q"—¢°) g —qP)
Proof: From (1.5) and (1.7), we get the g-contiguous relation:
_ = L 1=q" 1 1=¢" \ (0% Qnrk(@% @nay*
@ (77" = <1+q7 P ! ) :
) néo 1—gt 1=q1 ) (@ Qnir (@ Dr(g O
qz(1—q)(1 - ¢?) (@@, g g (2.25)

=®,(¢",¢";¢"; ¢, 7,y) + P g a,y)

(¢—q)(1—q7)
m%(q““,@“,q 97,9),q" # 1,4 # q.

Repeating this computation on ®; for /—times, we obtain the g-recursion formula (2.21) with param-

eter ¢"~¢. Similarly, we obtain (2.22)—(2.24). O

Theorem 2.5 The functions ®1, ®o and ®3 with respect to parameters satisfy the q-difference equations
1

Dy, @1 =— W {@Lq(ﬁl + @%q‘I'l(qx)} ,q¢ #£ 1, (2.26)

1
]D)Oé,th)l = - W |:®y,q'1)1 + @m,qq)l(qy)] ’qa 7é 17

1
Dﬁ,qq)l - - ng,qq)laqﬂ 7& 13
. (2.27)
Dy, @1 = T—q [@x «®1(g") + @y,qi’l(qvﬂaq?«”)}qw # 1,
1
Dy,q®1 T [@m‘l’l(qwl) + ®m,q¢'1(q”“,qy)} g #1,
1
]D)a,q@? = - Wex,qq’%qa 7é 17
1 8
D67q¢2 = — W@y#]@Q,q # 1,
) (2.28)
Dog®2 =7— 5 [G)x,q%W“) + ®y,q%(q”+1,qx)} 4 F#1,
1
Dag®2 =7— 2 [Qy ¢®2(a") + Gz,q%(q”l,qy)} 4 #1
and 1
Doz,q@B - - ng,qq’&qa 7é 17
1
Dp @3 = 1—¢f [61 o ®3(¢") + ®y,q¢’3(q6+17qx)} 47 # 1, (2.29)
1
Dg,qP3 :W [@y,qq’3(qﬁ+1) + ®w,q¢’3(qﬁ+17 qy)} ) qﬁ # 1.
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Proof: Applying the g-difference operator D, 4 (1.6) and using (1.7), we have

Dy &, = i (@* Dnk — (@ Qs (0%50)n "y

X
Ryt (1—q)g~ (07 Dntk (6 Dk On
- i <qa+"+’“ - q”‘) (@* Dnr1(0”: On "y*
0

1—q~ (1= )a*(@"; Dk (G Or(@ Dn

k

n,k=

! i (1—q"+’“)(q“;q)n+k(q3;q)n "y

L—q~ 4=\ 1-¢ (@5 Dnsk (G OR(GDn

_ 1 i(l—q” nl—q’“>(qa;q)n+k(qﬂ;q)n "y

+4q
1—q° 1—¢ 1—gq (@5 Dnve (G DR(TGDn

n,k=0

1

- 1—g~ [GM'I)I + ®y,qq’1(q$)] g% # 1.

By the same technique in the above, we obtain (2.27), (2.28) and (2.29).

Theorem 2.6 For the functions ®1, ®1 and ®3, we have the relations

(67
[©4,4)q®1 = [ %fy][ﬁ]qx%(qa“,qﬁ“;q”“;q,:v,y),
q
©y,4)q®1 = &y%(q““,qﬁ;q”“;q,x,y),
(1—q)[q
[oz]q +1 1
Oul¢ P2 =———L—a®y(¢" ;" q,2,y),
[©z.alg > (1—q)hlq 2 v)
18]4 1. 41
Oy 4l¢ P2 =L —y®y(¢" ;g7 g, 2,
[ y7q]q 2 (1—(])[’Y]qy 2( y)
and o]
O, 4¢P =——L—2®;3(¢" " ¢" i q, 3, y),
(Oralas =g, &
1
[©,,4],®3 = y®3(¢" g, 7,y).

(1- Q)Q[ﬁ]q

Proof: Applying the operator @, , to the both sides of (1.7) with respect to x, we have

(oo}

@ gly®1= > (1q"> (¢*; @nrk(d®;@)n K:

Do\ 1-a (@5 Dn+k (G D(GDn

nyk

1 i (0% @)t (0% @) na™y"
(

I AN CE T B O B AT

_(1-¢n)1-4¢" i (@M D@ Q™ yk
=) -q) 4= (@5 D)nn (@ (@ D)n
(1-q*)(1—¢"

=L a® (¢ P g, y), 0 # 1.
(1-¢)(1—q)

(2.30)

(2.31)

(2.32)

(2.33)

By the same way, the proof of Equations (2.31)—(2.33) are similar lines to the proof of Equation (2.30).

d
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Theorem 2.7 The functions ®1, ®5 and P3 satisfies the q-differential relations

[Os4+ Oy q+alg® = [a]qq’l(qaﬂ)»

[Qw,q + ﬂ]qq)l = [ﬁ]qél(qﬁ—,—l)v
[©sq+ Oy +7—1g®1 =y —1],®1(¢"),
[©4,4 + P2 = [a]q@g(qo“"l),
[nyq + ﬂ]qq’Z = [ﬁ]q‘I’Z(qﬁH)y
[ez,q +Oyq+7— 1]:1(1)2 =[y- 1]qq’2(qﬂ{_1)
and
[ez,q + a]q‘I)?» = [O‘]qq>3(qa+1)7
O +©y+B—1],23=[8—1,P3(¢" ).

Proof: Using the relation (1.3) and applying the g-derivatives operators (1.6) and (1.8), we get

o

_ [ +n+k] ( 7Q)n+k(q Q)nxn k
(Ot Ouateale®i = X o @ O

=la - ( ’q)"-i-k(qﬁv(J) o a+1
= ]qn%::() (@7 Dn+r(g; q)k(Q7Q)n = el ®a(g™).

Using the same procedure in the proof of Equation (2.34) leads to the results (2.35)—(2.37).

Theorem 2.8 The functions ®1, ®o, and ®3 satisfy the q-recurrence relations

(1—g*)®1(¢"™") + ¢*®1(zq,yq) — ®1 =0,

(1—¢")®1(¢" ™) + ¢° ®1(2q) — ®1 =0,
(1—q" H®1(q" ") + ¢ ' ®1(2q,yq) — B1 =0,

(1 —q™)®a(q"t) + ¢*®a(zq) — B2 =0,
(1 - ¢")®2(¢"™) + ¢° ®2(yq) — @2 =0,
(1—¢" (" ") + ¢ ' ®2(2q,yq) — B2 =0

and
(1= g*)®3(¢*t") + ¢“®3(xq) — P35 =0,

(1—¢" H®3(¢° ) + ¢° 1 ®3(wq,yq) — 3 = 0.

Proof: Applying an operator, we have

1— Os,q+0Oy ¢+
[Os,q+ Oyq +algP1 = 1

3]
1—gq !
_ (I)l _q(X@l(x%yq) _ [a] (Pl(qa—f—l)
- - q

1—gq

and using (2.34), we obtain (2.38). The proofs of (2.39)—(2.41) follow in the same way.

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)
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Theorem 2.9 The functions ®1, ®5 and P3 satisfy the q-partial differential equations

([ex,q}q[@r,q + Oy +7 1] —2[Os 4+ Oy 4+ aly[O, , + ﬂ]q) ®, =0, (2.42)

Y
([(‘)y,q]q[@m,q +Oy+y—1— 1fq[ezfmq + 0y, + 0‘]!1) ®; =0, (2.43)

X
(1€200100 + 0,711, - fq[@m,q +al,) @2 =0

1
(2.44)
([Gyﬂ]q[@ﬂv,q +Oyq+7—1g— 1 Oy + /] )‘52 =0
and
([("):r,q]q[@z,q + Oy +B8-1]q— 1 zq TQ q) P3 =
(2.45)
([qu] O+ Oy + 06— >q)3_
Proof: Applying the g-derivatives operators (1.6) and using (2.30), (2.34) and (2.35), we get
o [lg[n+ k7 = o0 @nrn(@” @) 2"y
@m, ®r7+®7+’)/*1 P, =
(OrsclalOra + Oug Ju®s n;o (@ @nn (@3 9)i(@; Dn
i q q n+k @@ a"y"
L= Dntk-1 (G Dn-1(a3 Dk
i a+n+ kg[8 +nle(q” Dnir(@’ @)n 2Ty
(@75 @)tk (¢ )k(¢; @)n
= I[@ryq + Oy g+ alg[Ozq + BlgP1.
Same as, we obtain the g-partial differential Equations (2.43)—(2.45). O
Corollary 2.3 The g-partial differential equations hold true for the functions ®1, ®5 and P3
(q’y_l[@wﬂ]q{@x,q + Oy qlq — qv_l[@azq]q + [14[Oz,qlq — xqa+6[@w7q + ©y,4)q[Ou,4lq
(2.46)

(14O + O, ola — 2% [0]y[Ou gl — w[a]q[mq) By =0,

(q’y_l[@y,q]q[em,q + Oy qlg — %ﬂ]qa[ew,q + Oy qlq + ([’Y]q - q'y_l) ©y.4]q — L[a}q) ®;, =0, (2.47)

(q7—1[®w,q}q[@x,q Lo, ([v]q ot ® qa> O gl — — [a]q) P, =0, o)

(100 hl@ns + Oyt (Bl = = o) @,y — T (ol ) #a — 0

and

q671[®r7q}q[@m7q + @y,q]q + ([ﬂ]q - qﬁ’l[l]q - = qa> [@m,q]q . [a]q) ®3 =0,
(2.49)

<
<q51[®y,q}q[®w,q +Oy4lq + ([/B]q - qﬁlp]q) ©,.4)q — (1_7!(1)2) B — 0.
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Proof: Applying the identity
[n—Klg =g *( [n]q — [K]
q q q q |

[n+ kg = [n]q + q"[klg = [K]q + qk[n]q

and writing the ¢-partial differential Equations (2.35)—(2.38), we obtain (2.46)—(2.49). O

Theorem 2.10 The summation formulas for the functions ®1, ®o and ®3 hold true:

oo
®1(¢"q"4":¢,4,7,y) Z ))" " a®i (g™, 0:07 " g, y), (2.50)
— n (a5
(g
®1(¢%, 4" 475 0,0, 0,9) = Y — " 2 ®1(q* ", 0% ¢ g, ), (2.51)
= (@ k(G D
oo
®5(¢%,9":4"5 4,4, 2,y) Z (q ooE 2" 2®1(¢”,0;" " q,y),
— )
”;0 0 (2.52)
(@5 D)k k a +k
®5(4*,¢";¢":¢,4,7,9) =k B0 (¢, 0;07 g, )
Z) (@7 Q) (a: D

and IS
®3(0%: 4" ¢,4,7,9) Z (q T 2®1(0,0;¢%:1 q, ),

. n )

";0 (2.53)

®5(0%:¢% 9.9, 7,y) Fo@any Fo®1(g™, 0,671 q,2).

k=0 k(a9

Proof: By using the relation

a+n

(@ Dnir = (@ D@ O,

we have

°° . atn. B.

;) (@ 9)r(07;5 q
®1(¢",¢" ¢ 0,0, m.9) = Y f )”W(M. Jil )” 2y
oo @5 Q)@ k(4 (g5 @)n
i (q° Q)nxnz (@ Qk
(g q) @ (G D)k

n=0 k':O ) b

Z )n e ;) ( a+n70;q'y+n;q’y).
n=0 q q)

This technique used in (2.50) yields new formulas for the basic Humbert hypergeometric ®;, ®2 and
®; series. O

Some of the interesting special cases of Equations (2.50)—(2.53) are:

1. Setting y = 0 in (2.50), we get

oo
(4% 9)n (0% @)
®,(¢°, ¢ ¢ q,q,2,0) =y I TR 0B (¢ 057 ¢, 0
( )=2 e CHA (4 )
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2. Taking z =0 in (2.51), we get

el o
a B _Z VT atk B. +k.
‘I’l(q yq 54 7Q7q707y> - - (q’y;q)k(q;q)ky 2@1((] »q 54 7q70)

oo

_ (¢°
=2 (¢

k=0

k _ a . Y.
y = 2®1(¢",0;¢4"; ¢, y).
(@ Q)x 2% ( )

3. Letting y = 0 and = = 0 in (2.52), we have
®5(¢%, 4" ¢"; ¢, 2,0) = 2®@1(¢%,0;¢7; ¢, ),
®2(¢",¢":07:4,0,y) = 2®1(¢",0;07; ¢,).
4. Putting y = 0 and = 0 in (2.53), we obtain
®3(¢%:¢%;q,2,0) = 2®1(¢%,0;¢"; ¢, 2),
®3(¢":¢%:4,0,y) = 2®1(0,0;¢%; ¢, y).

Theorem 2.11 The transformation formula for ®1 is true

q*,2q%q _
®1(¢%,¢"¢"; 0, y) = ((qw P q))oo 5®@2(q" " @, y3 ¢, 054,4%). (2.54)
bl b bl o0
Proof: Using the identities
(" 9)
Qo —
(@ e = (¢ @)oo

(975 @)oo
(@5 Dtk = (4 vtk g

o0

(@)oo i R
(T Q)oe ’

)

= (@D
and >~ . 1
® - 4,Y) = Yy
ool ) kzzo (4 9)k (y;9)

substitution of this gives

(4% @)oo i (@ 0) 0o (0P 0)n .
(q

®1(¢" % q"5 ¢, 7, y) =
( ) (@5 0)s0 A= (€T @)oo (@ @) (a5 Dk

C(@"9% v @00 Dn [ arnik T
(0759 kZ:O (@3 0)s(@; @)n (@ @) (q ) Y

_ (qa;q)oo = (q77a;q)8 s - (q57q)n nsxn = 1 ks k
(9 ; @0 | = (G | ,;) G’
(0% D0 o= (%) o0 (P T29)0 1

T (@9 2 (Q>Q)s (q x; q) (¢°Y; @)oo

s=0
_ (%9 qmq Z (¢~ “,qaxq)( Yis sa
(475 @)oo (; = )s(@Px; q)s

_ (qa;q)oo(q x;q)oo
T (0750) 00 (73 0) o0 (U3 @)oo 3®a(

Q% 2,y;¢°2,0,q,¢%).
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O
Some of the interesting special cases of Equation (2.54) are:
1. Putting y = 2¢” in (2.54), we get
o B ~ 5 (¢*,4°%;¢)oo yea . B B o
(9%, ¢":9"; 4,2, q x):ms@z(q 2,9 23472, 05, q%)
4 q) o —a a o
:MTI)I(Q’Y ,7;05¢,¢%) = 2®1(¢%,0;¢7; ¢, 7).
) b oo
2. Letting x = ¢~ % in (2.54), we have
o 4%, "¢ 9w o o e
®1(¢%,¢% 0% 0.7 y) = ((qw e y.q)) 3@2(0" ¢y P 0,4, 0%)
_ (qa7q’yia;Q)OO @2((]77& q'yfozfﬁ y.q’Y*Oé 0;q qa)
@y @)oo ’ R
(4%, % @) B
= 2®1(¢" ", Y3054, ¢%).
(@, 0P,y ( )
Theorem 2.12 For 0 < R(«) < R(y), the g-integral representations for ®, are true
Ty(7) Yot (at,7tq”; q)oc
®1(¢%, ¢ 0" q0,y) = o ——— [ t° dyt (2.55)
( ) Lg(a)lg(y —a) Jo (xt,yt, 1= @)oo
where T'y(c) is g-gamma function
(¢; Q)a—1 (¢ 9)o
(o) = = sa#£0,—1,-2, ...
(@) (L= (¢*q)c(l —gq)* !
and
Ty(7) b ty
&,(¢%,¢%: q"; =—_——27 711 = gt)y—a_1(1 — qut)_ —— )d,t 2.56
1((] 4754 7Qa1‘7y) I‘q(a)Fq(’Y—a) 0 ( q )’Y «@ 1( ql‘) BEq 1_q qbs ( )
where ol , [olgla+1]q .
(1—qt)_q=1+—%Lt 4 —1 142 4 ..
[1]4! [2],!
Proof: Using
(@@ Ty() /1 jatniko1_(05@o0 (2.57)
(@5 Dnte Tg(a)Tq(y =) Jo (t ™ @)oo "

for 0 < R(a) < R(v), v —a #0,-1,—-2,-3,..., Re(a) > 0 and n + k > 0, we obtain an g¢-integral
representation for @ (2.55). Similarly, we obtain (2.56). O

Theorem 2.13 For r € N, the differentiation formulas for ®, ®5 and ®3 hold true

B.
: - % 0)r 5 :
D, [mﬁ” 1<I>1(q“,q5;q”;q,:v,y)} = ((1 _q)):wﬁ '@1(¢%, ¢ q75q,1,), (2.58)
2 ' 1 (4°;q)r
<x Dx,q> [m“"”* él(q“,qﬂ;tﬂ;q,x,xy)} =00 2@ (¢*, 4% q7; ¢, m, 1),
2 " 1 (¢*;q)r (2:59)
(y Dy,q) [zf‘” <I’1(q0‘,qﬁ;q7;q7xy7y)} =g _’q)ry“”‘h(qa”,qﬁ;q”;q,xy,y),
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T a+r— a’q T o_oa— a+r
DI,Q|: - l(ﬁz(q q q 34, Ty y):| ( )'r‘ 1@ ( * 7q,6;q’y;Q7xay)7
(1-q)
i (2.60)
Dy.q {yﬁ”1'§2(qa,qﬁ;q”;q,x,y)] i ’q):yﬂ '2(¢%, 4" ¢75 4,7, y)
and
T a+r— fe% qa;q ro_a— a+r
D;c7q|: Tl s(g ,qﬁ;q%q,m,y)} = (1—61))Tx '®3(¢"t" 0% 475 ¢, 3, y). (2.61)
Proof: Using (see [4])
Dy {$ﬁ+n+’°—1} _ @) pins
z,q (]__q)r
and n r
(@”; (@0 = (@ Dnrr = (@750 ("5 O
we get
~ — (™ Dnr ()0 (0% D Sk
D}, [ e 1@1(qa,qﬁ;q”;q7x,y)] = ( 2y
o z,%::o (@7 Dtk (@ Dn (g 0)r) (1 — @)

- (¢ Q)n+k(q S Dt sint k= (@ Dnek(@® 0 (@O0 sk
Z B 1—qr” vy = Z " : : 1—qr" Y
Py O(q FDntk (G On (@) (1 — )" 0 (@5 Dntr (@ 0)n (g 0)k) (1 = )

r i q q n+k CJ’@JF aq) 1’5+n71yk
1—q " 50 (@5 Dnir(4 k(g 9)n)

Proofs of Equations (2.59)—(2.61) are along the same lines as of Equation (2

.58). O
Remark 2.1 The basic functions ®1, ®o and ®3 are a g-analogue of the Humbert hypergeometric func-
tions O, o and O3 defined by ([41], page 225, Equations (20)—-(22))
lim ®1(¢%,¢%; ¢4,
qg—1

z, (1= q)y) =®a(

o, B2, y), (2.62)
a B, 7. _ o — A
Jm 22(%,¢% 0%, (1 - @)z, (1-q)y) = P2(a, 7 2,y) (2.63)
and lim ®3(¢% 9% ¢,(1 = @), (1 - )*y) = Pa(a; B 2,y). (2.64)
qg—1
Proof: Using the limit
. (@5 9)n
lim ——— = (a)y,
o (1= q)" (@)
we obtain (2.62)—(2.64).

O
Theorem 2.14 The following relationship holds true between the basic functions ®1, ®5 and P3
lim ®5(¢%,¢%q";q,2,y) = ®3(¢%:q7;9,7,y)
B—>r00
lim  ®5(¢%, ¢%q";q, 247", y)
B—r—00
and

(2.65)
Ly
= ®3(¢™; 075 ¢, —xq? "V, y) (2.66)
lim ®1(¢% % q"; ¢, 2,y) =®3(¢"; ¢"; 2, 9). (2.67)
a—r o0
Proof: Using the limit

Jim (@%5¢)n = (059)n =1,
we obtain (2.65)—(2.67).
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3. Concluding Remarks and Observations

Due to the above investigation, our results are very remarkable and most general in their nature and

are capable of giving many g-partial derivative formulas, g-differential formulas, g-recursion formulas,
g-differential recursion relations, g-partial differential equations, summation formulas, transformation
formulas, integral representations and interesting transformations results containing distinct kinds of ¢
or basic Humbert hypergeometric functions by some proper selections of symmetry parameters which
are involved in the main results. Consequently, the results derived in this study possess some great
applications in several different directions of mathematics, physics, statistics and engineering. Certain
applications to other research topics, as well as further investigation of the properties and applications
of these newly introduced extensions of basic Humbert hypergeometric functions, are left for future
investigation by the authors and interested researchers.
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