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Abstract

In the present paper we introduce Ro- and R;-separation axioms in fuzzifying topology and study their relations with 7-
and T>-separation axioms, respectively. Furthermore, we introduce and study semi-Ty-, semi-Ro-, semi-T\-, semi-R,-, semi-
T>(semi-Hausdorff)-, semi-T3(semi-regularity)- and semi-T4(semi-normality)-separation axioms in fuzzifying topology and
give some of their characterizations as well as the relations of these axioms and other separation axioms in fuzzifying topol-
ogy introduced by Shen, Fuzzy Sets and Systems 57 (1993) 111-123. © 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction and preliminaries

Chang [1], Wong [8], Lowen [5], Hutton [2], Pu and Liu [6], etc., discussed various aspects of fuzzy topol-
ogy with crisp methods. Ying [9,10] introduced fuzzifying topology and elementarily developed fuzzy topology
from a new direction with the semantic method of continuous valued logic. In the framework of fuzzifying
topology, Shen [7] introduced and studied Ty-, T}-, T>(Hausdorff)-, T3(regularity)- and T4(normality)-separation
axioms in fuzzifying topology. In [4], the authors introduced and studied the concepts of the family of fuzzi-
fying semi-open sets, fuzzifying semi-neighborhood structure of a point and fuzzifying semi-closure. In the
present paper, we add the Ry- and R;-separation axioms and study their relations with the 7;- and 75-separation
axioms, respectively. Also, in fuzzifying topology we introduce and study semi-Ty-, semi-Ry-, semi-T;-, semi-
R;-, semi-T,(semi-Hausdorff)-, semi-T5(semi-regularity)- and semi-T,(semi-normality)-separation axioms in
fuzzifying topology.

The reader is assumed to be familiar with Ying’s papers [9,10].

First, we display the fuzzy logical and corresponding set-theoretical notations used in this paper.

For any formula ¢, the symbol [¢] means the truth value of ¢, where the set of truth values is the unit
interval [0, 1]. A formula ¢ is valid, we write |= ¢, if and only if [@]=1 for every interpretation.
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(1) [e]:=o(2 €[0,11); [ A Y]:=min([e], [Y]),
[¢ — ¥]:=min(1,1 — [o] + [¥]).

(2) If A€ J(X), where .#(X) is the family of fuzzy sets of X, then
[xeA]:=A(x).

(3) If X is the universe of discourse, then

[Vxp(x)]:= xirel)f( [o(x)]-

In addition, the following derived formulae are given:

() [Te]:=[¢ — 0]=1-[0],

(2) [o VYI=[(T9 VW) =max([¢],[V]),

B) [o = ¥l:=[e =) AW — 9)],

4 [o AY]:=["(e — —W)]=max(0,[o] + [y]—1),

(5) [e Vyl:=[T19 — Yy]=["(T19 A —W)]=min(1, [¢] + [¥]),

(6) [Bxp(x)]:=[VxT1p(x)] = sup,cx[@(x)],

(7) If 4,B€ J(X), then
(a) [ACB]:=[Vx(xed — x € B)] = inf ey min(1, 1— A(x) 4+ B(x)),
(b) A=B:=[(ACB)ABCA)].

Second, we give some definitions and results in fuzzifying topology.

Definition 1.1. Let X be the universe of discourse and let 7 € #(P(X)), where P(X) is the power set of X,
satisfying the following conditions:

() EXer,

(2) for any 4, BEP(X), F(Ad€t)N(BET) > ANBET,

(3) for any {4;: € A} CP(X), EVA(ieA—Ad,€1) = U, 4:i€T
Then t is called a fuzzifying topology and (X, 7) is called a fuzzifying topological space. The family of all
fuzzifying closed sets will be denoted by F;, or if there is no confusion by F, and defined as follows:

AeF:=X ~Aer,
where X~ A4 is the complement of A.

Definition 1.2. Let (X, v) be a fuzzifying topological space.
(1) The fuzzifying neighborhood system of a point x € X is denoted by N, € .#(P(X)) and defined as
follows:

Ny(4)= sup 1(B).
xeBCA

(2) The interior of a set A € P(X) is denoted by A° € #(X) and defined as follows:
A°(x) :=Ny(4).
(3) The closure of a set 4 € P(X) is denoted by 4 € .#(X) and defined as follows:

A(X)=1—Ny(X ~A).
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(4) pe F(P(X)) is a base of 7 if and only if 1= pWY), ie.,

©(A)= sup /\ B(B;) (Theorem4.1[9]).
/:EJAB;':A =

(5) pe S(P(X)) is a sub base of 7 if ¢ is a base of 1, i.e.,

©(A)= sup inf sup inf @(D),).
U D=4 €4 N D,;,=D; A€l
i€eA J €l

Before we recall the definitions of some separation axioms in fuzzifying topology introduced by Shen [7]
we introduce the following remark.

Remark 1.1. For simplicity we put the following notations:
K.y =34A((AENNYy gAYV (AEN, Ax ¢ A)),
H,,:=3B3C((BEN,ANy&B)N(CEN,Ax¢C)),
M, ,:=3B3C(BEN,ANCeN,ABNC =),
Vip:=3A3IB(AEN,ABETADCBAANB=0),

Wyp:=3GIH(GeTANHETNACGANBCHANGNH =0).

Definition 1.3. Let Q2 be the class of all fuzzifying topological spaces. The unary fuzzy predicates 7; € (L),
i=0,1,2,3,4, are defined as follows:

X1 eTy:=VxVy(xeXNyeX Ax#y) — K.,

Xr)elh =WxVyxcXANyeXAx#y)— H,,,

XDel =VaxVyxeXNyeX Ax#y) — M,

X, 1)eT3:=VxVD(xe X A\DeF Ax¢ D) — Vyp,
(X,1)€Ty:=VAVB(AEFANBEFANANB=0) — W,3.

For any fuzzifying topological space (X, 1),
= Ti(X,7) < Vx({x} € F).
Finally, we recall some definitions and results from [4] which are useful in the sequel.

Definition 1.4. Let (X,7) be a fuzzifying topological space.
(1) The family of fuzzifying semi-open sets is denoted by St € .#(P(X)) and defined as

St(A) = inf 4°~ (x).
x€A4

(2) The family of fuzzifying semi-closed sets is denoted by SF € #(P(X)) and defined as follows:

SF(A) = St(X ~ A).
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(3) The semi-neighborhood system of a point x € X is denoted by SN, € #(P(X)) and defined as follows:

SN.(4)= sup Su(B).
x€BCA

(4) The semi-closure of a set 4 € P(X) is denoted by semi-cl(A) € #(X) and defined as follows:

semi-cl(A)(x)=1— SN, (X ~ A4).

Theorem 1.1. Let (X,7) be a fuzzifying topological space. Then,
(1) Et <8,
(2) E FCSF.

Theorem 1.2. The mapping SN : X — IN(P(X)), x — SN, where SN (P(X)) is the set of all normal fuzzy
subsets of P(X) has the following properties:

(1) FA€SN, —»x€A,

(2) FACB — (A€ SN, — BESN,),

(3) EA€SN, — JH(H €SN, NH CANYy(y€ H — H € SNy)).

Theorem 1.3.

St1(4)= inf sup St(B).
x€4d xepCu4

Corollary 1.3.

St(A4) = inf SN,(A).
x€Ad

2. Ry- and R;-separation axioms

Definition 2.1. Let Q be the class of all fuzzifying topological spaces. The unary fuzzy predicates Ry, R; €
J(Q) are defined as follows:

(X T)ERy = XVy(x XAy EXNXx # y) — (K, — Hy ),

(XT)ER :=WVy(xEXAyEXANx # y) = (K )y — M, ).

Lemma 2.1. (1) = M., — H,,,

(2) ': Hv,y - Kv,y;
3) ': Mx,y — Kx,y.

Proof. (1) Since {B,C€P(X):BNC=¢} C{B,CeP(X): y¢BAx¢C}, then [My ,]= suppqc_, min(Nx(B),
Ny(C))< SUp, ¢ e min(Ny(B). N,(C)) = [H,., ).

(2) [Ks ] = Max(sup, g Ne(A4), Sup, ¢ g Ny(4)) > SUp, gy Ne(A) > SUD 4 (Ve ) A Ny (B)) = [Hy ).

(3) From (1) and (2) it is obvious. [

Theorem 2.1.

= (X,1)€R; — (X,7) ERy.
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Proof. From Lemma 2.1(1) we have,

Ro(X.7) = inf min(1, 1~ [Ke,] + [He,])> inf min(L1 = [Ko )]+ M) =ROGD). O

Lemma 2.2. For any o, €1,
Foa— (B — o).
Proof.
[o = (f — a)]=min(l,1— o + min(1,1 — f+a))=1. O
Theorem 2.2. (1) = (X,t) €T} — (X, 1) €R,.
Q) FX1en — (X,1)€Ry A (X,1) € To,
3) If To(X,7) =1, then
FXDET < (X,1)ER N (X, 1) € To.
Proof. (1) Applying Lemma 2.2 we have

Tl()(a T) = inf [Hx,y] < inf [Kx, y — Hx,y] :Ro()(, T)-
XAy X7y ’

(2) It is obtained from (1) and since, = (X,1) €T} — (X, 1) € T [7].
(3) Since Typ(X,7)=1, then for every x, y € X such that x # y we have [K, ,]=1.
Now,
Ro(X,7) A To(X, ) = Ro(X, 7)
= 11’#1f min(1,1— [Ks y] + [Hx,y]) = H;éf (A, ]= T (X, 7). U
x#£y x£y

Theorem 2.3. (1) = (X,t)€R A (X, 1) €Ty — (X, 1) €T,
(2) If To(X,t)=1, then

FXDERANMKXTDET « (X 1)eT.
Proof. (1)

[(X,T) ERo A (X,7) € T]

— max(0, Ro(X, ) + To(X, 1) — 1)

= max <O, inf min(1, 1 — [K ,] + [H, ,]) + inf[K, ,] — 1>
XAy ’ XAy

<max (0, ir;f(min(l, 1-[K, y] + [Hy D) + [Ky ] — 1)>
x#y

= max (07 H;f(l - [Kr,y] + [Hx,y] + [Kx,y] - 1)) = iI;f[Hx,y] =Ti(X, 7).
X#y X7y
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(2)
[(X,7) € Ro A (X, 7) € To] = Ro(X, 7)
= lgf min(1, 1— [Kx,y] + [Hx,y]) = il;f[Hx,y] =Ti(X,7),
X7y XF£Yy

since To(X,7) = 1, for each x, y € X such that x# y we have [K, ,]=1. DO

Theorem 2.4. (1) = (X,7)€ Ty — (X;1)€ERy — (X, 1) € Th),
(2)FE X 1)ER) = (K1) €Ty — (X, 1) €T).

Proof. (1) From Theorems 2.2(1) and 2.3(1) we have,

(X, eT) — (X,1)ER) — (X, 1) €T)]
=min(1, 1 - [(X,7) € To] + min(1, 1-[(X,7) € Ro] + [(X,7) € T1]))
=min(1, 1-[(X,7) € To] + 1-[(X,7) ERo] + [(X,7) € T1])
=min(1,1— ([(X, 1) ERo] + [(X,T) € To] — 1) + [(X,1) e T1]) = 1.

(2)

[(X,1)ER) — (X,1) €Ty — (X, 1) €T
=min(1, 1-[(X,7) € Ro] + min(1, 1 - [(X,7) € To] + [(X,7) € T1]))
=min(1, 1-[(X,7) €Ro] + 1-[(X;7) € To] + [(X;7) € T1])
=min(l, 1= ([(X;71) €ER] + [(X, 1) €To] - ) + [(X,)e i) =1. O

Theorem 2.5. (1) = (X,1) € T» — (X, 1) ER;,

QO EX)eL—=X1)ER ANX,1)€E T,
3) If To(X,7)=1, then

(XG0 ED — (XD ER AXDET,
Proof. (1) Applying Lemma 2.2 we have,
LX) = igf[Mx,y] < H;f[Kry - Mx,y] =R (X, 7).
X#y X#y

(2) It is obtained from (1) and since, = (X,7) e Th, — (X,1) € Ty [7].
(3) Since Ty(X,7)=1, then for each x, y € X such that x # y we have [K, ,]=1. Now,

Ri(X, 1) A To(X,7T) = R (X, T)
=inf min(la 1_[Kv,y] + [Mr,y])
x#y
=inf [M, ,] = 1r(X, 7). O
XAy
Remark 2.1. In the crisp setting, i.c., if the underlying fuzzifying topology is the ordinary topology one can
have that

(D EXDERNXET « (X,1)eT,
Q) EX1eR AKX 1)eT) < (X,1) €T,
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but these statements may not be true in general in fuzzifying topology as illustrated by the following counter-
example.

Counterexample 2.1. Let X = {x, y} and let © be a fuzzifying topology on X defined as follows:
1X)=1(¢)=1t({x})=1 and 1({y})= % One can have that To(X,7)=1, Ro(X,7)=Ri(X,7) = é—g and
Ti(X,1)=T(X,t)= é Hence,

RyX,D)ATy(X,1)=RA3=1#1=T1(X1), RXOAT(X1)=RAj=1#1=TX1).

Theorem 2.6. (1) = (X,1)eR A(X,1) €Ty — (X, 1) € Ty,
(2) If To(X,7) =1, then

FXDERANWXTDET « (X, 1)€T.
Proof. (1)

[(X, 1) € Ry A (X,7) € To] = max(0,Ri(X, 1) + To(X,7) — 1)

= max (0, inf min(1,1 — [K, ,] + [M, ,]) + inf[K, ,] — 1)
XAy Ay

< max <0, ir;f(min(l, 1 —[Ky ]+ [Myy]) + [Ky ] — 1))
XAy
= inf[M, ,]=T>(X, 7).
XAy

(2)
[(X,7) €Ry A(X, 1) € To] = Ri(X, )
= inf min(l, 1- [Kx,y] =+ [Mx,y]) = inf[Mx,y] =T(X, 1),
x#y x#y
because Ty(X,7)=1, we have for each x, y € X such that x # y that [K,,]=1. O

Theorem 2.7. (1) E (X,7)eTo— ((X,1)€Ry — (X, 1) € Th),
Q) FXerR - (X)) eTy— (X,1)€T)

Proof. (1) From Theorems 2.5(1) and 2.6(1) we have,
(X)) eTo—((X,1)ER — (X, 1) ETL)]
= min(1,1 —[(X,7) € To] + min(1, 1 — [(X,7) € Ri] + [(X, 1) € T2]))
=min(l, 1 —[(X, 7)€ To] + 1 - [(X,7) eRi ]+ [(X, 1) € T2])
=min(L,1 - [(X,7) e o] +[(X, 1) eRi] - D)+ [(X,0)eDr]) =1
(2)

[(X1)eR —((X,1)eTh— (X,1)€T1)]
= min(1,1 - [(X,7) € R{] + min(1,1 — [(X,7) € To] + [(X,7) € T2]))
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=min(L,1 —[(X,71) e R ]+ 1 - [(X,7) € To] + [(X, 1) € T2])
=min(l,1 - ([(X,7)eR ]+ [(X)eTo] -+ [(X1)e ) =1,
because = (X,7) € Tp — (X,t) € T» [7] and applying Theorem 2.6(1). [

3. Fuzzifying semi-separation axioms

Remark 3.1. For simplicity we put the following notations:
SKy y :=3A((A €SN ANy ¢ A)V (A€SN, Ax ¢ A)),
SH, ,:=3B3IC((BESN, AN y¢B)AN(CESN, Ax ¢ C)),
SM,.,:=3B3C(B€SN, ACeSN, A\BNC=0),
SVep:=3A3B(AESN, NA\BESTADCBAANB=0),

SWyp:=3GIH(GESTANHESTNACGABCHANGNH=0).

Definition 3.1. Let Q be the class of all fuzzifying topological spaces. The unary fuzzy predicates semi-T;
€9(Q), i=0,1,2,3,4 and semi-R; € #(Q2), i=0,1 are defined as follows:

(X,t)esemi-Ty :=VxVy(xeX NyeX Ax#y)—SK, ,,
(X,t)esemi-Ty :=VxVy(xeX NyeX Ax#y)—SH, ,,
(X,t)esemi-Tr :=VxVy(xeX NyeX Ax#y)—SM, y,

(X, 1) €semi-T5 :=VxVD(xeX ANDeF ANx ¢ D)— SV, p,
(X,7) € semi-Ty :=VAVB(AEF NBEF NANB=0)— SWj p,

(X, 1) €semi-Ry :=VxVy(x€eX NyeX Nx#y)—(SK, , — SH, ),

(X,t)€semi-R; :=VxVy(xeX ANyeX ANx# y)— (SKy, — SM, ).
Lemma 3.1. (1) =K, , — 5K, ,,
(2) ': Hx,yﬁSHx,ya
(3) | My — SMy,,,

4) & Vap— SV,
(5) = Wyp — SWj 5.

Proof. From Theorem 1.1(1), = 1 C St and so one can deduce that N,(4)<SN,(4) for any 4 € P(X), the
proof is immediate. [

Theorem 3.1.
F (X, 7)€ Ti— (X,1) € semi-T;,
where i =0,1,2,3,4.

Proof. It is obtained from Lemma 3.1.
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Theorem 3.2. If To(X,t)=1, then (1) = (X,1) € Ry — (X, 7) € semi-R,
(2) = (X,1) €Ry — (X, 1) € semi-R,.

Proof. Since Ty(X,7)=1 then for each x, y€X and x # y we have, [K, ,]=1 and so, [SK, ,]=1.
(1) Ro(X,7)= inf,, [K, , — Hy ] < infoyy [K, , — SH, ] = inf ), [SK, , — SH, ,] = semi-Ro(X, 7).
(2) RiX, )= inf,, [K, , — M, ] < inf, 4, [K, , — SM, ,] = inf ), [SK, , — SM, ,] = semi-R|(X, 7).

Lemma 3.2. (1) = SM, , — SH,,,,

(2) = SH,,, — 5K, ,,
3) ': SMx,y - SKx,y-

Proof. The proof is similar to the proof of Lemma 2.1. [

Theorem 3.3. (1) E (X, 1) € semi-T} — (X, 1) € semi-Ty,
(2) E (X, 1) € semi-T, — (X, 1) € semi-T.

Proof. The proof of (1) and (2) are obtained from Lemma 3.2(2) and (1), respectively. [

Corollary 3.1.
E (X, 1) € semi-T, — (X, 7) € semi-Ty.

Theorem 3.4.

E (X,1) € semi-Tp — (VxVy(x€X A yeX Ax#y— (T(x €semi-cl({y})))
V (y € semi-cl({x})))).

Proof.

[(X,7) € semi-Ty] = inf max | sup SN,(4), sup SN,(4)
xFy yeA xgd

= inf max(SN,(X ~ {1 SN (X~ {x})
XAy

= iI;f max(1 — semi-cl({y})(x), 1 — semi-cl({x})(»))
Xy

= ir#lf(_\(semi—cl({y})(x) V (semi-cl({x})(»))
xXFy

=[VxVy(xeX AyeX Ax#y— (T(x €semi-cl({y})))

V (y € semi-cl({x})))]. O

Theorem 3.5. For any fuzzifying topological space (X, 1),
E (X, 1) € semi-Ty < Vx ({x} € SF).
Proof. For any xi,x;,x; # X2,

[V ({x} € SF)] = inf SF({x})= inf St(X~{x})
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=inf inf SN X~{x})< inf SN, (X ~{x,
i inf SN < int SN~ (o)

< SN, (X ~{x2}) = sup SN, (4).
x €A

Similarly, we have, [Vx ({x} € SF)]< sup, ¢p SNy,(B). Then,

[Vx({x} €SF)] < inf min( sup SNy, (4), sup SN,,(B)
n7#02 X @A4 x¢8

= inf sup min(SNy,(4), SNy, (B)) = [(X,7) € semi-T].

On the other hand,

H7xn x2 &4 x1€B

[(X,7) € semi-T|] = iI;f min (sup SNy, (A4), sup SNy, (B))

= inf min(SN, (X ~{x}). SNo (X ~{x1}))

N

inf SN, (X~ = inf inf SN, (X~
Jof (X ~{x2}) LML (X ~{x2})

= xlzng StX ~{x})= ;Ielg St(X ~{x})

— [Vx ({x} € SF)].
Thus, [(X,7) € semi-T\]=[Vx ({x} € SF)]. O

Definition 3.2. The semi-local base Sf, of x is a function from P(X) into / such that the following conditions
are satisfied:

(1) = Sp. CSN,,
(2) A€ SN, —3B(BeSp, AxeBCA).
Lemma 3.2.

EA€SN, — IB(Be S, AxEBCA).

Proof. From condition (1) in Definition 3.2 and Theorem 1.2(2) we have SN,(4)>=SN.(B)=Sp.(B) for
each B € P(X) such that x€B CA. So, SNx(4)= sup,cpc 4 SPx(B). From condition (2) in Definition 3.2,
SNy(4) < sup,cp 4 SPx(B). Hence, SNi(4) = sup,cpc 4 SP(B). [

Theorem 3.6. If Sf. is a semi-local basis of x, then
E (X,1) €semi-T, - VxVy(xeX ANyeX A x#y—3IB(BESPH; A y € (semi-cl(B)))).
Proof.

[VxVy(xeX NyeX ANx#y— IB(B €SP N\ y € (semi-cl(B))))]

= inf sup min(SPy(B),SN,(X ~B))
X7Y BEP(X)
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= inf sup sup  min(Sp(B),SP,(C))
X7V BeP(X) yeC C X ~B

= inf sup sup min(SB.(D),SP,(E))
X#Y BnC=0 x€D CB,yeECC

=inf sup min| sup SP(D), sup SP,(E)
XY BAC =0 x€EDCB y€EC

= inf sup min(SN,(B),SN,(C))=[(X, 1) € semi-T>]. |
X2y BnC=0
Theorem 3.7.
E (X, 1) € semi-R; — (X, 1) € semi-Ry.

Proof. From Lemma 3.2(1) the proof is immediate. [

Theorem 3.8. (1) E (X, 1) € semi-T) — (X, 1) € semi-Ry,
2) E (X,1) € semi-Ty — (X, t) € semi-Ry A (x, 1) € semi-Ty,
(3) If semi-To(X,7)=1, then

E (X, 1) € semi-T) < (X, 7) € semi-Ry A (X, 1) € semi-T.

Proof. (1) Applying Lemma 2.2 we have,
semi-T(X,7)= iI;f [SH,, 1< iI;f [SK.,, — SH, ,] = semi-Ro(X, 7).
X#y xX#y

(2) It is obtained from (1) and from Theorem 3.3(1).

(3) Since semi-Ty(X,7) =1, for every x, y €X such that x # y we have [SK,,]=1.

Now,
[(X, 1) € semi-Ry N\ (X, T) € semi-Tp]

= [(X, 1) € semi-Ry] = ir;f min(1, 1 — [SK, ,] + [SH, ,])
XAy

= ir#lf[SHx,y] =semi-T1(X, 7). ]
XAy

Theorem 3.9. (1) = (X, 1) € semi-Ry A (X, 1) € semi-Ty — (X, 1) € semi-T};
(2) If semi-Ty(X,t)=1, then

E (X, 1) € semi-Ry I\ (X, 1) € semi-Ty < (X, 1) € semi-T}.
Proof. (1)
[(X,1) € semi-Ry A (X, 1) € semi-Tj]

= max(0, semi-Ry(X, 1) + semi-To(X,7) — 1)

= max <O, inf min(1,1 — [SK, ,] + [SH, ,]) + inf[SK, ,] — 1)
x#y xF#y

449
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< max (0, ir;f (min(1,1 — [SK, ,] + [SH, ,]) + [SK ] — 1))
XAy
= inf[SH, ,] =semi-T|(X, ).
X#£y

(2)
[(X,1)] € semi-Ry A [(X, 1) € semi-Ty]

=[(X,7) € semi-Ro] = inf min(1, 1 — [SKy ]+ [SHe 1)
x#£y

= inf[SH,, ,] = semi-T((X, 1),
xXF#y

because semi-Tyo(X,7) =1, we have for each x, y € X such that x # y, [SK, ,]=1. [

Theorem 3.10. (1) | (X, 1) € semi-Ty — ((X, 1) € semi-Ry — (X, 1) € semi-T),
(2) E (X, 1) € semi-Ry — ((X, 1) € semi-Ty — (X, 1) € semi-T)).

Proof. From Theorems 3.8(1) and 3.9(1), we have
(1)

[(X, 7) € semi-Ty — (X, T) € semi-Ry — (X, 1) € semi-T; )]
= min(1,1 — [(X, 1) € semi-Ty] + min(1, 1 — [(X, 1) € semi-Ro] + [(X, 7) € semi-T]))
= min(1, 1 — [(X, 7) € semi-Tp] + 1 — [(X, 7) € semi-Ro] + [(X, 7) € semi-T;])
=min(l, 1 — ([(X, 7) € semi-To] + [(X, 1) € semi-Ro] — 1) + [(X,7) € semi-T1])
=1.

(2)

[(X,7) € semi-Ry — (X, 1) € semi-Ty — (X, 7) € semi-T} )]

= min(1, 1 — ([(X, 1) € semi-Ty] + [(X,7) € semi-Rg] — 1) + [(X, T) € semi-T1])

=1. t

Theorem 3.11. (1) | (X, 1) € semi-T, — (X, 1) € semi-R;,
2) E (X,1) €semi-T, — (X, t) € semi-R; N (X, 1) € semi-Ty;
(3) If semi-To(X,t) =1, then

E (X, 1) € semi-T, < (X, 7) € semi-Ry A (X, 1) € semi-T.
Proof. (1) Applying Lemma 2.2 we have

semi-TH(X,7) = ir;éf[SMx,y] < iI;f[SKX’y — SM, ;] = semi-R(X, 7).
x#£y x#y

(2) It is obtained from (1) and Corollary 3.1.
(3) Since semi-Ty(X,7) =1, then for each x, y € X such that x # y we have [SK,,]=1.
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Now,
[(X,1) € semi-R; A\ (X, 1) € semi-Tj]

=[(X,7) €Esemi-R;] = il;f min(1,1 — [SK ,] + [SM, ,])
x#y

= inf[SM, ,] =semi-T»(X,7). O
XAy

Theorem 3.12. (1) = (X, 1) € semi-R; A (X, 1) € semi-Ty — (X, t) € semi-T>,
(2) If semi-To(X,7)=1, then

E (X, 1) € semi-Ry I\ (X, 1) € semi-Ty «— (X, 1) € semi-T,.
Proof. (1)
[(X,7) € semi-R; A\ (X, ) € semi-Tp)

= max(0, semi-R|(X, 1)+ semi-Ty(X,7) — 1)

= max (0, ir;f min(1, 1 — [SK ,] + [SM, ,]) + ir;f[SKw] — 1>
X#£y X7y

< max <0, ir#lf(min(l,l — [SK y] + [SM.y]) + [SK y] — 1))
XFY

= ir;f[SMx,y] =semi-T>(X, 7).
x#y

(2)
[(X, 1) € semi-R, /\ (X, ) € semi-Ty]

=[(X,7) €Esemi-R,] = it;f min(1,1 — [SK, ,] + [SM,,,])
X7y

inf [SM, ] = semi-T>(X, 1),
X7y
since semi-To(X,7)=1, then for each x, y € X such that x # y, [SK,,]=1. O

Theorem 3.13. (1) | (X,7) €semi-Ty — ((X,7) € semi-R; — (X, 1) € semi-T),
(2) E (X, 1) €semi-R; — ((X, 1) € semi-Ty — (X, 1) € semi-T,).

Proof. (1) From Theorems 3.11(1), 3.12(1) we have
[(X,7) € semi-Ty — ((X, 1) € semi-R| — (X, 1) € semi-T3)]
= min(1, 1 — [(X, 1) € semi-Ty] + min(1, 1 — [(X, 1) € semi-R|] + [(X, 7) € semi-T3]))
=min(1l, 1 — [(X,7) € semi-Ty] + 1 — [(X, 1) € semi-R ] + [(X, 7) € semi-T>])

= min(1,1 — ([(X,7) € semi-Ty] + [(X,7) € semi-R;] — 1) + [(X, 1) € semi-T»]) = 1.
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(2)
[(X,7) € semi-R; — ((X, 1) € semi-Ty — (X, 1) € semi-T,)]
= min(1, 1 — [(X,7) € semi-R;] + min(1,1 — [(X, 1) € semi — Ty] + [(X, 1) € semi-T,]))
= min(l,1 — [(X,7) €semi-R;]| + 1 — [(X, 1) € semi-Ty]| + [(X, T) € semi-T,])
= min(1,1 — ([(X, 1) € semi-R ] + [(X, 1) € semi-Ty] — 1) + [(X, 1) € semi-T,]) = 1. |

Theorem 3.14. If semi-Ty(X,t)=1, then

(1) E (X.7)€semi-Ty — ((X,1) € semi-Ry — (X, 1) € semi-T}))

A((X, 1) € semi-Ty — (X, 1) € semi-Typ — (X, 1) € semi-Ry))),
(2) E (X.v) €semi-Ry — ((X, 1) € semi-Ty — (X, 1) € semi-T}))

A (X, 1) € semi-T) — (X, 1) € semi-Ty — (X, 1) € semi-Ry))),
3) E (X, 1) €semi-Ty — (X, 1) € semi-Ry — (X, 1) € semi-T}))

A ((X, 1) € semi-Ty — (X, 1) € semi-Ry — —I((X, 1) € semi-Ty))),
4) E (X,7)€esemi-Ry — (X, 1) € semi-Ty — (X, 1) € semi-T}))

AN (X, 1) € semi-T) — (X, 1) € semi-Ry — (X, 1) € semi-Tj))).

Proof. For simplicity we put, semi-To(X,7)=0o, semi-Ro(X,t)=p and semi-Ti(X,t)=7y. Now, applying
Theorem 3.9(2), the proof is obtained with some relations in fuzzy logic as follows:

(1)
I=@ABo)=@AB—=)AG—aApB)
=7 ABLATIIATIP AT AB))="Wa ATI(ALATNA (Y A(e — TIP))
=(@—="(BATINAG — (e — TB)=(@— (B—=7)A( — "Aa— TIh)),

since A is commutative one can have the proof of statements (2)—(4) in a similar way as (1). O
By a similar procedure to Theorem 3.13 one can have the following theorem.

Theorem 3.15.

(1) E X, 1) €semi-Ty — ((X,7) € semi-R; — (X, 1) € semi-T,))

A (X, 1) € semi-T, — (X, 1) € semi-Typ — (X, 1) € semi-R}))),
2) E((X, 1) €semi-Ry — ((X,7) € semi-Ty — (X, 1) € semi-T3))

AN(X, 1) € semi-T, — (X, 1) € semi-Ty — (X, T) € semi-R}))),
(3) E((X, 1) €semi-Ty — (X, 1) € semi-Ry, — (X, 1) € semi-T3))

AN(X, ) € semi-T, — (X, 1) € semi-R; — —((X, 1) € semi-Ty))),
4) E((X,1)€semi-Ry — ((X,7) € semi-Ty — (X, 1) € semi-Ty))

AN(X, 1) € semi-T, — (X, 1) € semi-R; — (X, 1) € semi-Ty))).



F.H. Khedr et al. | Fuzzy Sets and Systems 119 (2001) 439-458 453
Lemma 3.4. (1) If D C B, then sup;-p_g SNx(4)= supyrp_g p c p SNx(4);
(2) supynp_g infyep SNY(X ~A4) = sup,np_g pc 5 STUB).
Proof. (1) Since D CB,

sup SNy(4) = sup SN, (A)A[DCB]= sup  SN(4)
ANB=0 ANB=0 ANB=0,D C B

(2) Let yeD and ANB=0.
Then,

sup  S1(B)= sup  St(B)A[yeD]
ANB=0,D C B ANB=0,D C B

= sup St(B)= sup St(B)
yEDCBC XA yEBC X~d

= SN,(X ~A4)= inf SN,(X ~4)
yeD

= sup 1nf SN, (X ~A). ]
AnB=0 YED

Definition 3.4.
semi-T{ (X, 1) :=VxVD(x eEX ADEF Ax ¢ D — JA(A €SN, A (D C X ~ semi-cl(4)))).

Theorem 3.16.
E (X,1) €semi-Ty — (X, 1) € semi-Ig(l).

Proof. Now,

semi-T{"(X, 1) = inf min< 1 —t(X ~D)+ sup min (SN (4), mf(l — semi-cl(A)( y))>>
x&D AEP(X)

1nf m1n<1 l—1(X~D)+ sup min <SN (A4), 1nf SN, (XNA)))
AEP(X)

and

ANB=0,D C B

semi-H(X, 1) = igEmin(l, l-tX~D)+  sup min(SNx(A),Sr(B))> .
X
So, the result holds if we prove that
sup min (SN ), 1nf SN, (X ~A)> sup  min(SNy(A4),St(B)). (%)
AEP(X) ANB=0,DC B

It is clear that, on the left-hand side of (x) when 4 N D # () then there exists y € X such that y € D and
y ¢ X ~A4. So, inf ,cp SN,(X ~A4)=0 and thus (x) becomes

sup min (SNX(A ), inf SN, (X ~4 )) = sup  min(SN,(4), St(B)),
AEP(X),ANB=0 yeb ANB=0,D C B

which is obtained from Lemma 3.4. O
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Definition 3.5.

semi-T")(X, 1) :=Vx VB(x € B A B € 1 — 34(A4 € SN A semi-cl(4) C B)).
Theorem 3.17.

E (X,1) €semi-Th — (X, 1) € semi-Y;(z).

Proof. From Theorem 3.16, we have

semi-T(X, 1) = ;glf)min< I —tX~D) —l—ASB&)mm (SN 4), 1r1f SN, (XNA)>>
€

Now, if we put B=X~D, then

semi-TV) (X, ‘c)_mfmln(l 1—1(B)+ sup mm(SN @), inf SN(X~A)>>
AEP(X)

=infmin| 1,1 — (X ~D)+ sup min (SN 4), mf SN, (XNA))
x&D AEP(X)
=semi-[(X, 7). O
Definition 3.6. Let ¢ be a subbase of 7 then,
semi-Y;(S)(X, 1):=VxVD(x €D A D € ¢ — IB(B € SN, A semi-cl(B) C D).
Theorem 3.18.
E (X,1) €semi-Ty — (X, 1) € semi-]ém.

Proof. Since [p C1]=1, and with regard to Theorems 3.16 and 3.17 semi-7§(3)(X,‘c)>semi-7§(2)(X,r):
semi-T3(X, 7). So, it remains to prove that semi—lgm(X, r)ésemi—]}(z)(X, 7) and this is obtained if we prove
for any x € 4,

min(l 1 —1(4)+ sup mm(SN (B), inf SN(X~B)>> > semi-T) (X, 7).
BeP(X)

Set semi-ygo)(X, 7)=290. Then, for any x €X and any D;, € P(X), 4; €1, (I, denotes a finite index set), 1 € A,
Usea Ny, e 1, Di =4 we have,

—@(D;,) + sup min(SNx(B), inf SNy(XNB)) =0 > 0—g¢,
BEP(X) YEX ~ Dy,
where ¢ is any positive number. Thus,

sup m1n<SN (B) 1nf SN},(XNB)> >p(D;)—14+0—e
BEP(X) ~ Dy,
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Set y;, ={B: BCD,,}. Then,

inf sup mm(SN (B),
%€l Bep(X)

= sup
fel'[{y, /wel} ;E/

= sup
SEM{y;;: LEL}

= sup min
fEH{//‘ €L}

= sup min| inf SN, (B) ulan

BEP(X) k€L

= sup min| SN (B)
BEP(X)

where B= f(/4;).
Similarly, we can prove

inf sup min| SN, (B)
2€A Bep(x)

= sup min| SN, (B)
BEP(X)

< sup min| SN, (B)
BEP(X)

< sup mm(SN (B),
BEP(X)

so we have

sup mm(SN (B), 1nf
BEP(X)

For any 7; and A that satisty ;. ,(;,¢; D

So,

BEP(X)

féi SN(f (40)), L Jnf

sup min (SN (B) 1nf SN (XNB))

1nfD‘ SNy (X ~ B))

1nf mln(SN (f(4)), me SNy(wa()V,-))>

nnn(iQQSWGQf(m)%égg}ngb@SWGLYﬂgf(ﬂﬂ))

. SV ~ f())

yel

 SN,(X ~B)

A,El/"

>

Un}f;NDZ’ SN,(X ~ B)

/.,El,i

_nf o, SN,(X ~B)

;.,61,;

cu IBfXNDz‘- SN(X ~B)

/EAZ,-EI/»_

en ILIJle ~Dj, SN(X ~B)

/EA}.,'EI/:

1anS]\{V(X~B)),

SN (X ~B)> inf inf sup mm(SN (B), 1nf SN, (X NB))
‘€A €l pep(x) €X~Dy,;

= inf inf (D) —1+06—
> 10 g, oD — 1o —e

D,, =A the above inequality is true.

sup inf  sup mf qo(D; )—140—¢
U D;#4*€4 n D, =p; 4€
JEA A€l

=14)—14+0—c

455
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1e.,

min| 1,1 — 7(4) + sup min (SNX(B), inf SI\Q(XNB)) >0 —e.
BEP(X) YEX~A

Because ¢ is any positive number, when ¢ — 0 we have

semi-Y;(z)(X, r);ézsemi-ﬂ(S)(X, 7).

So,

E (X,1) € semi-T < (X,7) € semi—T3(3). |
Definition 3.7. Let (X,7) be any fuzzifying topological space and let

semi-T\"(X,1):=VAVBA € tABEFANANB=)— 3G(GetAACG

AB CX ~semi-cl(G)));

semi-T\")(X,7):=VAVB(A € FAB€t1ANACB — 3G(G € 1 AA C G A semi-cl(G) C B)).
Theorem 3.19.

E (X, 1) € semi-Ty — (X,7) € semi-Tf),

where i=1,2.

Proof. The proof is similar to that of Theorems 3.16 and 3.17. [

4. Relation among separation axioms
Lemma 4.1. For every o,y € I we have,
AN —=a+y)+a<l 4.
Theorem 4.1.
E (X,1) € semi-T A (X, 1) € T} — (X, 1) € semi-T».
Proof. From Theorem 2.2 [7] we have, T\(X, 1) = inf,cx (X ~{y}) and applying Lemma 4.1 we have,

semi-T(X, t) + T1(X, 1)

=inf min[ 1,1 —t(X ~D)+ sup min(SN,(4),St(B)) | + inf t(X ~{»})
x¢D ANB=0,DCB yex

xeX x#y yeX

< inf inf min(],l —t(X~{y})+ sup min(SNx(A),SNy(B))> + inf 1(X ~{y})
ANB=0 yex

— inf (infmin( 1,1 - 7(X ~ in(SN,(4), SN,(B inf (X ~
xeg}x#y(;relxmm<, ( {y})+A21;E®mm(S (A4), SN,( ))) +;2Xf( {y}))
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< inf inf (mm(l l—t(X ~{y})+ sup min(SN,(4),SN, (B))) —l—'E(XN{y}))
YEXx#y yeEX ANB=10

< inf( + sup min(SN,(4), SN, (B))) =1+ 1nf sup min(SNy(4),SN,(B))
X7y ANB=0 XAV ANB =0

=1+ semi-T»(X, 1),

namely, semi-T>(X, 1) =>semi-Ti(X, 1)+ T1(X,t)—1. Thus, semi-T>(X, 1) = max(0, semi-G(X,t)+T1(X,t)—1).
O

Theorem 4.2.
E (X,7) € semi-Ty A (X,7) € T1 — (X, 1) € semi-T;.
Proof. It is equivalent to prove that semi-T(X, 1) =semi-T4(X,7) + T1(X,7) — 1. In fact,

semi-T4(X,t) + T1(X, 1)

= inf mm(llmm(‘c(X E),1(X ~ D))
END =0

ANB=0,E CA,DCB

+ sup min(St(4 ),ST(B))) + 21161)1? (X ~{z})
< igg min<1,1 — min(t(X ~ {x}),7(X ~ D))

+ sup  min(SN,(4 ),Sr(B))) + 1161)1? (X ~{z})

ANB=0,D C B

<infmin| I,max [ 1 —t(X ~D)+ sup  min(SN,(4),5t(B)), 1 — 1(X ~ {x})
xgD ANB=0,DC B

+  sup min(SNx(A),Sr(B))>> + inf (X ~ {z})

ANB=0,D C B

= inf max( min{ 1,1 —t(X ~D)+  sup min(SNy(4),St(B)), min(1,1 — (X ~ {x})
x@D ANB=0,DC B

+ s min(SNX(A),Sr(B))>> + inf (X ~ {z})

ANB=0,D C B

< inf max{ min| 1,1 —t(X ~D)+  sup min(SN,(4),St(B)) + ©(X ~ {x}),
x&D 4nB=0,DC B

min (1, l—t(X ~{x})+ sup  min(SN,(4), Sr(B)))) +1(X ~ {x}))

ANB=0,D C B
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< inf max| min[ 1,1 —t(X ~D)+  sup min(SN,(4),St(B)) + t(X ~ {x}),
x&D ANB=0,D C B

1+ sup  min(SN,(4),St(B))

ANB=0,D C B

< inf| min{ 1,1 — (X ~D) + sup  min(SNy(4),5t(B)) | +1
x¢D ANB=0,DC B

<infmin| 1,1 —1(X ~D) + sup  min(SN,(4),St(B)) | + 1
x¢D ANB=0,DC B

=semi-Ti(X, 1) + 1. O

5. Conclusion

The role or the meaning of each theorem in the present paper is obtained from its generalization to a
corresponding theorem in the crisp setting.

For example: in the crisp setting, a topological space (X, t) is semi-T; if and only if for each z € X, {z} € F,
where F is the family of closed sets. This theorem can be rewritten as follows: the truth value of a topological
space (X,7) to be semi-T) equal the infimum of the truth values of its singletons to be closed sets, where
the set of truth values is {0, 1}. Now, is this theorem still valid in fuzzifying setting, i.e., if the set of truth
values is [0, 1]?. The answer of this question is positive and is given in Theorem 3.5 above. Another example
is given in Remark 2.1 and Counterexample 2.1.
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