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Abstract
In this paper the concepts of pre-irresolute functions and strong com-
pactness in the framework of fuzzifying topology were characterized in
terms of pre-open sets. Some properties of fuzzifying pre-irresolute func-
tions and fuzzifying strong compactness are discussed.
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1 Introduction

In 1991, Ying [8] used the semantic method of continuous valued logic to pro-
pose the so-called fuzzifying topology as a preliminary of the research on bifuzzy
topology and elementally develop topology in the theory of fuzzy sets from com-
pletely different direction. Briefly speaking, a fuzzifying topology on a set X
assigns each crisp subset of X to a certain degree of being open, other than being
definitely open or not. Furthermore, Ying [11] introduced the concepts of com-
pactness and established a generalization of Tychonoff’s theorem in the frame-
work of fuzzifying topology. The class of pre-irresolute mapping was introduced
by Rielly and Vamanamurthy [7]. Park and Park [6] introduced the concept of
fuzzy pre-irresolute mapping. The concept of strong compactness for topological
spaces has been discussed in [3, 4]. In [5, 12] the concept of strong compactness
for fuzzy topological spaces were introduced and discussed . In [1] the concepts
of fuzzifying pre-open set and fuzzifying pre-continuity were introduced and
studied. Also, in [2] the concept of fuzzifying pre-Hausdorff separation axiom
was introduced and studied. In this paper we introduce and study the concept
of pre-irresolute function between fuzzifying topological spaces. Furthermore,
we introduce and study the concept of strong compactness in the framework of
fuzzifying topology. We use the finite intersection property to give a character-
ization of the fuzzifying strong compactness.
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2 Preliminaries

We present the fuzzy logical and corresponding set theoretical notations [8, 9]
since we need them in this paper. For any formula ¢, the symbol [¢] means the
truth value of ¢, where the set of truth values is the unit interval [0, 1]. We
write F ¢ if [¢] = 1 for any interpretation. By E* ¢(¢p is feebly valid) we mean
that for any valuation it always holds that [¢] > 0, and ¢ F¥* ¢ we mean that
[¢] > 0 implies [¢)] = 1. The original formulae of fuzzy logical and corresponding
set theoretical notations are:
(1) (a) [a] = a(a € [0,1));
(b) [ A ] = min([g], [¥]);
(©) [p — ] = min(1, 1 — ] + ).
(2) If A e X(X),[x € A] := A(z).
(3) If X is the universe of discourse, then [Vzp(z)] := zlg;f( [(2)]-

In addition the following derived formulae are given,

[p V] i= [=(=p A )] = max([p], [¥]);

o =] :=[(e—=Y) AW — @)

[o A 9] = [=(p = =¢) = max(0, [p] + [¢] — 1);
[Fzp(r)] i= [Vzp(z)] = Sup [p()];

[AC B]:=[Va(z € A— z € B)] = inf min(1,1— A(z) + B(z)),

zeX

Definition 1. [8]. Let X be a universe of discourse, T € S(P(X)) satisfy
the following conditions:
(1) 7(X) =1,7(¢) = 1;
(2) for any A, B,7(AN B) > 7(A) A 7(B);
(3) for any {A)\:/\EA}ﬂ'(UA,\) > A 7(4)).
AEA AEA
Then 7 is called a fuzzifying topology and (X, 7T) is a fuzzifying topological
space.

Definition 2. [8]. The family of all fuzzifying closed sets, denoted by F €
S(P(X)), is defined as follows: A € F := X — A € 7, where X — A is the

complement of A.

Definition 3. [8]. The fuzzifying neighborhood system of a point x € X is

denoted by N, € S(P(X)) and defined as follows: N (A) = sup 7(B).
rze€BCA

Definition 4 (8, Lemma 5.2). . The closure A of A is defined as A(z) =
1-N,(X—A). In Theorem 5.3[8], Ying proved that the closure™: P(X) — $(X)
is a fuzzifying closure operator (see Definition 5.3 [8]) because its extension
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—S(X) - S(X),A = Ay, A € (X)), where Ay = {z : A(z) > o} is
a€f0,1]
the a-cut of A and aA(z) = a A A(x) satisfies the following Kuratowski closure
arioms:
(1)F=¢; B
(2) for any A € S(X),EAC A;
(3) for any A,B € $(X),EAUB=AUB

X),
(4) for any A, B € 3(X), & () C A

Definition 5. [9]. For any A C X, the fuzzy set of interior points of A is
called the interior of A, and given as follows: A°(x) := N (A).

From Lemma 3.1 [8] and the definitions of N;(A) and A° we have T(A) =
inf A°(x).

z€A

Definition 6. [1]. For any A € 3(X),E (ﬁ)o =X - (X —ﬁ)
Lemma 1. [1]. If [AC Bl =1, then (1)E AC B (2) F (A)° c (é)o.

Definition 7. [1]. Let (X, 1) be a fuzzifying topological space.

(1) The family of all fuzzifying pre-open sets, denoted by Tp € S(P(X)), is
defined as follows:

Aemp=Ve(zre A—-az €A °), i e, p(A) = ;renz A~ °(x)

(2) The family of all fuzzifying pre-closed sets, denoted by [ p € S(P(X)),
is defined as follows: A€ Fp:=X — A€ 7p.

(8) The fuzzifying pre-neighborhood system of a point x € X is denoted by
NP € $(P(X)) and defined as follows: NY(A) = sup 7p(A).

€A
(4) The fuzzifying pre-closure of a set A € P(X) , denoted by Clp € I(X),

is defined as follows: Clp(A)(z) =1 — NF(X — A).

(5) Let (X,7) and (Y, o) be two fuzzifying topological spaces and let f € YX.
A unary fuzzy predicate Cp € I(Y™X), called fuzzifying pre-continuity, is given
as follows: Cp(f) :=VB(B € o — f~Y(B) € 7p).

Definition 8. [2]. Let Q be the class of all fuzzifying topological spaces. The
unary fuzzy predicate TE (fuzzifying pre-Hausdorff)e 3(Q) is defined as follows:

TP (X,7) = VaVy((r € X ANy € X Az #y) — IB3IC(B € NP ANC €
NPABNC = ¢)).

Definition 9. [11]. Let X be a set. IfA € S(X) such that the support supp
A={zecX:A) >0} of A is finite, then A is said to be finite and we write

F(A). A unary fuzzy predicate FF' € 3(3(X)), called fuzzy finiteness, is given
as FF(A) := (3B)(F(B ) (A=B))=1-inf{a € [0,1]: F(A4)} = 1—inf{a €
[0,1] : (A 1)}, where Ay ={z e X : A(x) > a} and ;{[a} ={zrecX:A®x) >
at.
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Definition 10. [11]. Let X be a set.

(1) A binary fuzzy predicate K € S(S(P(X)) x P(X)), called fuzzifying
covering, is given as follows: K( R, A) :=Ve(x € A— IB(B € R Az € B)).

(2) Let (X,7) be a fuzzifying topological space. A binary fuzzy predicate
K, € S(S(P(X)) x P(X)), called fuzzifying open covering, is given as follows:
K,(RA) = K( %,A)/.\(%QT).

Definition 11. [11]. Let Q be the class of all fuzzifying topological spaces.
A unary fuzzy predicate T € J(Q), called fuzzifying compactness, is given as
follows:

(X,7) € T = (VR)(Ko( R, X) — (Bp)((p < R) A K( 9, A) N FF(p))),

where p < RN means that for any M € P(X), p(M) < R(M).

Definition 12. [11]. Let X be a set. A unary fuzzy predicate fle S(S(P(X))),
called fuzzifying finite intersection property, is given as follows:

AR := (VB)(B< R) A FF(B) — (Bx)(VB)((B €f) — (z € B))).

Lemma 2. [1]. Let (X, 1) be a fuzzifying topological space. Then

(1)ETCTp; (2)EF CFp, (3FFp (AﬂAAA> = A Frdy).

Corollary 1. [1]. 7p(A) = in}“4 NFP(A).
S

Theorem 1. [1]. For any x,A,B,F AC B — (AENfHBENf).

3 Pre-irresolute functions

Definition 13. Let (X,7) and (Y,0) be two fuzzifying topological spaces
and let f € YX. A unary fuzzy predicate Ip € S(YX), called fuzzifying pre-
irresolute, is given as follows: Ip(f) :=VB(B € op — f~1(B) € 7p).

Theorem 2. Let (X, 7) and (Y,0) be two fuzzifying topological spaces and
let f € YX. Then
E felp— felCp.

Proof. From Lemma 2.2 we have o(B) < op(B) and the result holds. O

Definition 14. Let (X,7) and (Y,0) be two fuzzifying topological spaces
and let f € YX. We define the unary fuzzy predicates oy, € I(YX), where
k=1,...,5, as follows:

(1) f € a1 =VB(BeFY — f~HB)€Fy), where F35 and F}, are the
fuzzifying pre-closed subsets of X and Y, respectively;

(2) f € ag = VaVu (u € Nf(;) — fHu) € fo> , where NP* and NF*
are the family of fuzzifying pre-neighborhood systems of X and Y, respectively;
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(3) feas= VxVu(ueN(I)Hﬂv(f(v)CuﬁveNfX»;
(4) f € ay =VA(f (clp )Ccly((A)))
(5) f € a5 =VB (c lfo((f Y(B)) € f~Hdp(B))).-

Theorem 3. F felp— feag k=1,...,5.

Proof. (a) We will prove that E f € Ip < f € ay.
Feal= it min(11-FE(8)+ £ 50~ (8)

= Beigng) min (1,1 - op(Y = B) + 7p(X — f~1(B)))

= Beigfy)min (1,1=0op(Y = B) +7p(f~'(Y — B)))

= u€1lID1(fy) min (1,1 —op(u) + 7p(f 71 (u)))

= [felp]

(b) We will prove that F f € Ip < f € ay. First, we prove that [f € as] >

[f € Ip] . IENT (w) < NP (£~ (u)), then min (1,1 NE' (u )+fo(f*1(u))> _
1> [f € Ip]. Suppose N;D(x)( u) > NP™(f=1(u)). It is clear that, if f(z) € A C
u, then z € f~1(A) C f~'(u). Then,

NI () = NPX(f7Y(w)) = sup op(Ad)—  sup  7p(B)
F(@)EACu we€BCf 1 (u)
< sup op(A)— sup 7p(f7H(A))
f(z)€ACu f(z)EACu
< sup (op(A) —7r(f71(A4)))
f(z)EACu
So
pY PX /a1 . 1
1= Nj(u)+ N (f (u))zf(x;relggu(l—gp(AHTp(f (A))).
Therefore

min(1,1— NE (u) + NP (f7 ()
> inf  min (1,1 —0p(A) +7p(f1(A)))

T f(z)EeACu

> inf 1,1— -1 =[f € Ip].

> vellgl(Y) mln( op(v) +7p(f (U))) [f € Ip]

Hence «

. pY P —1 >

inf inf wmin(1,1 - N () NP (W) 2 [F € Te)

Second, we prove that [f € Ip] > [f € ag]. From Corollary 2.1, we have
[felp] = eilf.}(fy) min (1,1 —op(u) +7p(f " (u)))
u

> inf min(l,1— inf NIV (u)+ inf NP™(f=1(w)))
zef

ueP(Y) f(z)€u (u)
. . . P
> uelg(fy) min(1,1 — Ie}nﬁ( )N (x)(u) + Te}nf( )N (f~t(w)))
- : - PY pX _
> nt gt min(1, 1= N7 )+ NE () = 1 € ool

(¢) We prove that [f € as] = [f € as]. From Theorem 2.1 we have

f €asg]=inf inf minl,l—NP;u—i— sup fov
Fea=inf il min(l 1= N+ s NP ()
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rE€xT ueP(X)

[f € as]. ~

(d) We prove that [f € ay] = [f € as]. First, since for any fuzzy set A we have
[f—l(f(A)) > A] =1, then for any B € P(Y)) we have [f=1(f(cIX (f~1(B)))) 2 cX (f~1(B))] =
1. Also, since [f(f~1(B)) € B] = 1, then we have that [/}, (f(f~1(B))) C cl}(B)] =
1. Then from Lemma 1.2 (2) [10] we have

[cAF(f71(B)) € fH(cp(B))] = [fH(f(F (F1(B)))) € f~H(clp(B))]

> [fHAE (fH(B))) € fHelp(fF(fH(B)))]

> [f(eF (f71(B))) S edp(f(f~H(B)))] -

Therefore

feas] =, int [l (F7(B) € 7 (cl}(B))]
> il [faX (B >>> LB
> inf  [f(cd¥(A)) C l,Y»(f(A))]

> inf inf min(1, NFEI)( u) + fo (f~'(w))

BeP(Y)
AeP(X)
=[f € a4].

Second, for each A € P(X), there exists B € P(Y) such that f(A) = B and
f~1(B) 2 A. Hence from Lemma 1.2 (1) [10] we have

f€au = inf [l (4)) C b (F(4))]

(X)
> dnf [f(ch(A)) C f(fH(elp(F(A))]
> Juf el (A4) S FH b (f(4 )))]
> eyl < (B)) € fH(clp(B))]
> i [dE(TNB) ST <cl}!< )]
=[f € as].

(e) We want to prove that F f € ag < f € as.
feas) = int [ B) € 1 el (B)]

_ PX - Py
—BEI%EY) Ilg)f(mm(l 1-(1-N(X—fYB)+1-— Nt

_ pPY PX /-1 _
=, dnf  inf min (1, 1 - NE (Y = B) + NFX (f(Y B)))
. . . pY PX e

=, dnf  inf min (1,1 NE* (u)+ NI (f (u)))

- [f S 052] . O

(v - B))

4 Strong compactness in fuzzifying topology

Definition 15. A fuzzifying topological space (X, T) is said to be p-fuzzifying
topological space if Tp(AN B) > 7p(A) A 7p(B).

Definition 16. A binary fuzzy predicate Kp € S(S(P(X)) x P(X)), called
fuzzifying pre-open covering, is given as Kp( R, A) := K( R, A)A(RC 7p).
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Definition 17. Let Q) be the class of all fuzzifying topological spaces. A
unary fuzzy predicate T'p € (), called fuzzifying strong compactness, is given
as follows:

(1) (X,7) € Tp = (VR)(Kp(R, X) — (3p)((p < R)AK( o, X)AFF(p)));
(2) IfAC X, thenTp(A) :=Tp(A,7/4).

Lemma 3. F K,( R, A) — Kp( R, A).

Proof. Since from Lemma 2.2 F 7 C 7p, then we have [R C 7] < [R C 7p]. So,
[Ko( R, A)] < [Kp(R,A)]. O

Theorem 4. F (X,7)eT'p — (X,7) €T
Proof. From Lemma 4.1 the proof is immediate. O

Theorem 5. For any fuzzifying topological space (X,7) and A C X,
I'p(A) — (VR)(Ep( R, A) — Gp)((p <R) AK( 9, A) ANFF(p))), where

Kp is related to T.

Proof. For any R € J(J(X)), we set R € S(J(A)) defined as R(C) = R(B)
with C = AN B, B C X. Then
KM®R,A) = inf sup R(C) = inf su R(B) = inf sup R
( ) €A wEIC)’ ©) z€A IEC:EDB (B) €A weg (B) =
K(R, A), because z € A and = € B if and only if x € AN B. Therefore

RCrp/a] = Jnf min(1,1- R(C) +7p/a(C))

= inf min(1,1—  sup  R(B)+ sup  7p(B))
ccA C=ANB,BCX C=ANB,BCX

> inf min(1,1 — R(B) + 7p(B))
CCA,C=ANB,BCX

> nf min(1,1 — R(B) + 7p(B)) = [R C 7p].

For any o <R, we define o’ € F(P(X)) as follows:
o(B) if BCA,

pI(B> = {O otherwise.

Then o' <R, FF(p') = FF(p) and K(p', A) = K(p, A).

Furthermore, we have o

[Cp(A) AKp(R, A)] < [[p(A) A Kp(R, A)]

<[@p)(p <R)AK(p,4) A FF(@))]

< [B)((¢' <R AK( ¢, 4) NFE(p)]

< [(38)((B< ®) A K( 8,4) A FF(B))]

Then I'p(A) < [Kp(R, A)] — [(IB)((BSRN) A K( 8, A) /.\FF(B))},

where Kp(R, A) = [K(R, A) A (R C 7p/4)]. Therefore

Pp(A) < | Jof KPR, A4) — (FB)((B< R) A K( B, 4) NFF(B))]
=[(VR)(Kp(R,A) — (FB)(B<N)AK( B, A) /.\FF(B)))}

Conversely, for any € S(P(A)), if [R C 7p/a] = Biré& min(1,1 — R(B) +

Tp/a(B)) = A, then for any n € N and B C A, ;iArsqupCCX p(C) =
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Tp/A(B) > A+ R(B)—1-— %, and there exists Cp C X such that Cy N A =B
and 7p(Cp) > A+ R(B) — 1 — 1. Now, we define R € I(P(X)) as R(C) =
max (0,A+R(B)—1—21). Then [RC 7p] =1 and
KR, A) = inf sup R(C)
r€A z€CCX
= inf sup R(Cp)

€A LB

>1nf sup A+ R(B)—1-1)
A zeB

:1nf sup R(B)+A—-1-1

©€A zeB
=K®A)+r-1-1
Kp(R,A) = [KR,A) A (R C 7p)]
= [K(R, A)] > max(0, K (R, A)+/\—1—%)
> max(0, K(§R A)+A—1)— L =Kp(R, A) -
For any p < R, we set o’ € S(P(A)) as p (B) = p(CB),B C A.
Then o' <R, FF(p') = FF(p) and K(p', A) = K(p, A). Therefore
[(VR)(Kp( R, A) — (Bp)((p < R) A K (9, A) A FF(p))]A
[K;D( §Rv A)] - %
< [VR)(Kp(R, A) — (Fp)((p <R) AK(p, A) A FF(p))]A
] -

([KL:( R, A) - 1)

< [Kp(R,A) — (30)((9 < B) AK(9,4) ) FF(9))] A [Kp( R, A)
S(E ><<p<%>AK<pA)@F (¢)

A) A

)
(B (" <R) AK(¢, FE(p")]
[(FB)((BS R) /\K(BA)/\F (8))]. Let n — oco. We obtain

)
(VR)(Kp( R, 4) — (39)((p < R) AK( p ; A) N FE(p)))IA
K;(%,A)] (3 )((B<§R)/\K(BA)/\ F(B))]. Then
pP(R

VRI(P (R, 4) — Go)((o < W) A (9.4) A FF(g)]

<
<

/-\

< [Kp( R ) (3B)((B< R) A K (B, A) A FF(B))]
< e %(npf(x))[Kp( R, A) — (F)(B<R) AK( 8, A) AFF(B))]
=Tp(4). O

Theorem 6. Let (X, 1) be a fuzzifying topological space.
=(WR)(ReS(PX))ARC Fp)/.\ff(%) —

(Fx)(VA)(A e R — x € A));

m = (VR)EB)(((R C F p) A (B €75)) A (%) (0 < B) A FF(p) —

-(Ne<B)—-(NRCDB)). ThenkET'p(X,7) «—— m;, i=1,2.

Proof. (a) We prove I'p(X,7) = [m1]. For any £ € S(P(X)), we set
(X — A) = R(A). Then
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c o . _
[R C 7p] Aellgfx) min(1,1 — R(A) + 7p(4))

= inf  min(1,1—RE(X — A) + F p(X — A)) = [R° C F p],
X—A€P(X)

FER) =1-inf{a € [0,1] : F(Ro)} = 1-inf {a € [0,1] : F(RG)} = FF(R°)
and

B< R =B(M) < R(M) —=B(X — M) < RX — M) <=8 < R.
Therefore

Ip(X,7) = [(VR)(Kp(R, X) — (Bp)((p < R) A K(p, X) A FF(p)))]

) A KR, X) — (Jp)((p < R) A K (p, X) A FF(p))]

mp) — (K(R, X) — (3p)((p < ®) A K(p, X) A FF(p))) )]
p) — (V) BA) (A eRAz € A) —
K(p, X) N FF(p))))]
ReCFp)— (V2)BA)(AeRAzEA) —
B <R)AK(BX) QFF(BC))))]
(Re C Fp) — (Vo)3A)(A e RAz € A) —
HB< R)AFE®B) A KB X))))]

(RECFrp— ((Vz)3A)(Ae RNz € A) —
3B)((B< R) A FF(B) A (V2)(3B)(B €6° A € B))]
(VR)YR C Fp— (~(BB)(B < RAFF(B)A
(V2)(3B)(B €8° Az € B)) — —~((Vz)(3A)(A € R Az € A))))]
ReCFp)— (fIR) — =((V2)(FA)(A e RAz € A)))]
R C F p)MIRT) — (32)(YA)(A € R — 2 € A))] = [m].
(b) We prove [mr1] = [m2]. Let X — B € P(X). For any ® € S(P(X)).
(RCFp)NBeTp)=[RCFpP)N(X—BEFp)

= Aelgfx)mm(l, 1-RA)+Fp(A)ANFp(X —B)

= Aelng) min (1,1 — R(A) + Fp(4)) A

Aeigfx)min (1,1 - [Ae{X — B} +Fp(A))

:Aei?fm min (1,1 — [(RU{X — B})(A)] + F p(A))

— [(RU{X — B} C Fpl.
Therefore, for any 8¢ S(P(X)), let p =B\{X — B} € 3(P(X)).
o(4) = {02557

Then o <8, U {X — B} >8, [FF(p)] = [FF(®),

[p <R =[B< (RU{X — B})] and

(Vo) ((p < R) A FF(p) — (B2)(VA) (A € (pU{X — B}) —

—~
—~~

(z € 4)))]
= inf min(1,1—[FF(p)] + sup aaite) ((p U{X — B}(4) — A(2)))

< inf in(1,1— inf .
< Bg(%}td?x_s})mm( ; [FF(B)] + jgg Aelg(x) (B(A) — A(z)))
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=fI(RU {X — B}). Furthermore, we have
m MRS Fr)A(B € ) A (%) (9 < R) A FF(p) —
~(Ne <€ B))
—m A RU{X — BY C £ ) A (¥9) (9 < R) A FF() —
(32)(¥4) (A € (pU{X — BY) -z € )
— 1 A (RU{X — B} C £ ) MIRU{X — B})]
<[(Fz)(VA)(Ae RU{X — B}) »xz € A)]

= [~ (MR C B)|. Therefore

< f R C ANB e AV <R)ANFF
™ mejﬁa(még(( Fp ) A\ (V) ((p < R) A FF(p) —

~(Np € B)) = =(NRC B))

= my. Conversely,
72 AR € F ) AR = 2 A [(R\BY) U {BY) € F 5]
[T((R\{B}) U{B})]
zﬂg/.\[(%’ng)/\(X—BETp)/.\
(3z)(VA) (A € (pU{B}) — x € A))]
:WQ/.\[(%'QFP)/\(X—BETP)/.\
-(Np S X - B))]
<[ (MR € X - B)] = [(F)(VA)((A € (' U{B}) - (& € 4))
= [(3x)(VA)(A € R — (x € A))]. Therefore

mp St [RCFP) AR = (2)(VA)AER— (r€ A =m. O

(V) ((p < W) A FF(p) —

(V) (9 < ) A FF(p) —

Some properties of fuzzifying strong compact-
ness

Theorem 7. For any fuzzifying topological space (X,7) and A C X,
E FP(X, T) NAE€ Fp— FP(A)

Proof. For any R € I(P(A)), we define R € I(P(X)) as follows:

@(B) {ER(B) if BCA,

otherwise.
Then FF(R)=1—inf{a€[0,1]: F(Rs)}
=1-inf{a€[0,1]: F(R,)} = FF(R) and

sup inf (1-R(B)) =
X))

reX r¢BCX
A su inf - R(B
162 (xQBgA ( )>>

~—

sup <( inf 1 — >

reX I¢BCA

= sup ( inf 1 — )
reX xngCA

= sup < inf (1-— >

reX $¢BCA

V' sup (a:gflgch 1-— ?R(B)))

= sup ( inf (1—-9R
T€A xgEBCA z¢A
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If x ¢ A, then for any 2’ € A we have
. - o _ < _ .
z¢1§fg(l R(B)) = juf (1 -R(B)) < z,é%fg(l R(B))

Therefore, sup inf (1-R(B))= 21613 wglgng (1-R(B)),

reX t¢BCX
[EL(R)] = [(VB)((B < ®) A FF(B) — (3o)(VB)((B € B)
— (z € B)))

= inf min (1,1 — FF(B)+sup inf (1-— )>
B<R zeX z¢BCX

= inf min <1, 1—FF(8) 4+ sup mf (1-— >
B<® z€A T¢B

We want to prove that Fp(A) R C c Fp/A] RCF

In fact, from Lemma 2.2 (3) we have

Fr(A)NRC Fp/a]l =

max <O,FP(A) + Bi’IéfAmin (L1 -R(B)+Fp/a(B)) - 1)
< inf (1= R(B) + (5 p(A) + F p/a(B) — 1)

< jnf (1= R(B)) + (F p(A) A F p/a(B))

= inf (1-R(B))+ (FP(A) A sup Fp(B’))
BCA B'NA=B,B'CX

= inf (1-R(B))+ sup (Fp(A)AFp(B))
BCA B'NA=B,B'CX

< inf (1-R(B))+ sup (Fp(ANB")
BCA B'NA=B,B'CX

< jnf (1= R(B) + F p(B)

= Bi,gl min (1,1 — R(B) + F p(B))

< Biréf;lmin (1,1 —R(B) + FP(B)) =[RCFp]

Furthermore, from Theorem 4.3 we have
Tp(X,m) AFP(A)ARCF p/alMI(R)

<Tp(X,7) AR C FpINMIR)

< su inf (1—R(B)) = su inf (1 —R(B)). Then
swp_inf (1-F(B)) = sup il (1-R(B)

I'p(X,7) A FP( ) <[RCFp/alMI(R) — sup wgingA (1-R(B))

< inf ) ([8‘{ C Fp/al /.\ﬂ(%) — sup inf (1- %(B)))

T ReS(P(A
=Tp(A).

zeA z¢BCA

Theorem 8. Let (X,7) and (Y,0) be any two fuzzifying topological space
and f € YX is surjection. Then ETp(X,7) A Cp(f) — T(f(X)).

Proof. For any 8€ (P (Y)), we define R € S(P(X)) as follows:

R(A) = f~(B)(A) =B(f(A)). Then

KR X)= 1nf sup R(A) = mf sup B(f(A4))
X zeA X z€A
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= inf sup B(B inf sup 3(B) = KB, f(X)),
nf f(x)Ie)B (B) = yanfy,) sup (B) (8, (X))

[BS gl A [CP ()] =

énf mln(l 1-8(B)+0(B)) A B%nf min (1,1 — o (B) + 7p (f1(B)))
= max(0, Bmf min (1,1 —8(B)+ 0 (B))+

Bmf min (1,1 — o (B) +7p (f1(B))) — 1)

< Bmf max (0, min (1,1 —8(B) + o (B))+

mln(l I*U(B)‘FTP( (B))) 1)

< Bi)Iéfymin (1,1 —8B(B)+7p (f 1(3)))

= jnf, f_li(%f):Amin (L1=B(B)+7p (f1(B)))

i

= Anglf).( f*ll(%f):A min (].7 1-8 (B) +7p (A))
= AHCH; min(1l,1 — sup B(B)+71p(A))

c F-1(B)=A
= Aucli)’( min (1,1 —R(A) +7p (A)) = [RC 7p] .
For any p < R, we set g € S(P(Y)) defined as follows:
p(f(A) = f(p)(f(A)) = p(A), AC X.
Then G(f(A)) = f(p)(f(A)) < F(R)(f(A)) = F(F1(B)(f(A)) <B(f(A)),
FF(p) =1—inf{a € [0,1]: F(pp))} =1 —inf{a € [0,1] : F(f(9)1a))}
= FF(f(p) < FF(p) and

K(p f(X))= inf supp(B)= inf  sup @(A)
yef(X) yeB yef(X) yeB=F(A)

> inf sup  p(A) = mf sup p(A) = K(p, X). Furthermore
yef(X) f-1(y)ea €A

I'p (X T ACPN] A K (B, (X))]
Cp(X, D ALCR(N]A KB, f(X))] A BE o]
Lp(X,7)] A [RC ] A [K(R, X))

[Cp(X, )] A[Kp(R, X)]

(Fp )((@<§R)AK(@X)QFF(@))]

Ge)((p < R) AK(®, f(X)) A FF(D))]

(F)((p" <R) A K(¢', f(X)) N FF(o!

herefore from Theorem 4.2 we obtaln
P, 7] A [Cp())]
Ko (8, f(X)) — (3¢ ((¢ <R)AK(¢/, f(X)) NFF(g'))
st (KB (X)) — G0 < R) A K (6!, £(X)) A FF())

= [[(f(X))]. O
Theorem 9. Let (X,7) and (Y,0) be any two fuzzifying topological space

))], where K| is related to o.

H A A IA || I/\ H

=

IN A

and f € YX is surjection.
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= Tp(X,7) A Tp(f) — Tp(f(X)).

Proof. From the proof of Theorem 5.2 we have for any € (P (Y)) we define
R e F(P(X)) as

R(A) = f~1(B)(A) =B(f(A)).

Then K(R,X) = K(8, f(X)) and [8C Up}/.\ Ip(f)] < [R C 7p]. For any
p <R, we set p € S(P(Y)) defined as p(f(A4)) = f(p)(f(4)) = p(4),AC X
and we have FF(p) < FF(p), K(p, f(X)) > K(p, X). Therefore

(X, D) A (D] A K (8, £(X)]
~[Ce(X, )] A (D] A K (8. F(X))] A B o]

<ICp(X. 7)) A R C o] A K (R, X)]

=[p(X, 7] A [Kp(R, X)]

< [Fp)((p < R) A K(p, X) A FF(p))]

< [Fp)((p < R) A K(, f(X)) A FE(B))]

< [(F)((p <B)AK(p', f(X)) /.\FF(p’))]7 where Kpis related to o.

Therefore. from Theorem 4.2 we obtain

[ p(X.7)] A LL(P)

< Kp(B, f(X)) — @) (¢ <B) AK(p', f(X)) A FF(g'))

< ol (KB, F(X) — @) (¢! < B) A K (¢!, (X)) A FE()))

= [[p(f(X))]. O

Theorem 10. Let (X, ) be any fuzzifying p—topological space and A, B C X.
Then
(1) T (X,7) A (Cp(A) ATR(B) AANB = ¢ E¥ TF (X,7) —

EUYEVY(U e mp) A (V €mp) A(ACUYA(BC V) AUV = é));
(2) TY (X, 7) ATp(A) E T (X,7) — A€ p.

Proof. (1) Assume AN B = ¢ and T4 (X,7) = t. Let # € A. Then for any
y € B and X\ < t, we have from Corollary 2.1 that
Sup{TP(P) /\TP(Q) HEURS va € Q,POQ = d)}
=sup{rp(P)ATp(Q):2 € PCUyeQCV,UNV = ¢}
= sup sup 7p(P) A sup TP(Q)} = sup {NJ(U)AN[(V)}
Unv=¢ lzePCU yeQCV Unv=¢
> inf sup {NP UYANNP(V)} =Tf(X,7)=t> A ie.,
TFY UnV=
there exist P ,Qy such that z € P,y € Q,,P,NQy = ¢ and 7p(P,) >
A Tp(Qy) > A Set B(Qy) = 7P(Qy) for y € B. Since [BC 7p] = 1, we have
[Kp(8,B)] = [K(8,B)] = mf sup 8(C) > inf B(Q,) = inf 7p(Qy) > A.
ye y€ yeB yeB
On the other hand, Since T4 (X, 7) A A (Tp(A) ATp(B)) >0, then 1 —t <

Lp(A) ATp(B) <Tp(A).
Therefore, for any A € (1 —T'p(A4),t), it holds that
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1= A<Tp(4) <1 [Kp(B, B)] +sup {K(@, B)] /.\FF(p)}

<1—A+sup {K(p,B)] A FF(p)}, ie.,
p<B °

sup {K(p, B)] /\FF(Q)} > 0 and there exists p <8 such that K(p, B) +
p<B ®

FF(p)—1>0,1ie.,1—FF(p) < K(p,B). Then, inf {0 : F(pg)} < K(p, B).
Now, there exists 6, such that 6; < K(p, B) and

F(pg,). Since p <8, we may write pg, = {Qy,,...,Qy,}. We put U, =
{P,,N..0P, }, Vo ={Qy,N...NQy, } and have V,, O B, U, NV, = ¢, 7p(U,) >
Tp(Py, )A...ATp(P,, ) > A because (X, 7) is fuzzifying p-topological space. Also,
p(Va) 2 7p(Qyy) A .. ATp(Qy,,) > A. In fact, igg sup p(D) = K(p,B) > 04,

Y yeD

and for any y € B, there exists D such that y € D and (D) > 601,D € pq,.
Similarly, if A € (1 — [Tp(A) ATp(B)],t), then we can find z1, ...z, € A with
Uso=Uz U...UU,, 2O A By putting Vo =V, N...NV,, we obtain V, D
B, U, NV, = ¢ and

EVEV)I(U € tp) ANV e ) N(ACU)AB S V)AUNV = ¢)) 2
7p(Us) A Tp(V5)

> min 7p(Ugy;) A min 7p(V,,) > A. Finally, we let A — ¢ and complete

i=1,....,n =1,....n ¢
the proof.
(2) Assume Fv* TX (X, 7) ATp(A). For any z € X — A we have from (1)

sup 71p(U) >sup{rp(U)ATp(V):2 € U ACV,UNV = ¢} >

ceUCX A
[T (X, 7)]. From Corollary 2.1. we obtain,

A)= inf NP(X—-A)= inf 5 U) > [T (X,7)]. O
Fp(4)=_inf N ) mel)rg_Aersgg_ATP( ) = [Ty (X, 7)]

Definition 18. Let (X, 7) and (Y,0) be two fuzzifying topological spaces. A
unary fuzzy predicate Qp € S(YX), called fuzzifying pre-closedness, is given as
follows:

Qp(f) :==VB(B € F¥ — f~YB) € FY), where F§ and F% are the fuzzy
families of T,0-pre-closed in X and 'Y respectively.

Theorem 11. Let (X, 7) a fuzzifying topological space, (Y, o) be an p-fuzzifying
topological space and f € YX.
Then ETp(X,7)ANTE(Y,0) Ap(f) — Qp(f).

Proof. For any A C X, we have the following:
(i) From Theorem 5.1 we have [['p(X,7) A F 5 (A)] < Tp(A);
(i) Ir(fia) = pouf min (L1 —op(U) +7p/a((f\a)~H(V)))
_ : _ -1
_Uelgfy)mln(l,l op(U)+1p/a(ANf (U)))

= inf min|1,1—-0p(U)+ sup 7p(B)
UEP(Y) ANf-1(U)=BNA

> Ueigfy) min (1,1 — op(U) + 7p(f~1(U))) = Ip(f).
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(iii) From Theorem 5.3, we have [['p(A) /.\Ip(f\A)] Tp(f(A)).
(1v) From Theorem 5.4 (2) we have T4 (Y,0) ATp(f(A)) FY* TX(Y,0) —

f(A) € FY, which implies F T¥ (Y, O')/.\Fp(f(A)) — f(A) € F¥. By combin-

ing (i)- (1V) we have
(

[Cp(X,7) AT (Y, 0) AMp(f)]
)

< [(Ff-f(A) — I'p(4)) /.\IP(f\A) NI (Y, 0)]
< [(F3(A) = (Tr(A) A Lp(£i0) ATE (Y,0)]
<[FEA) = Tr(f(A) ATT (Y, 0)]
< [FE(A) — FY(f(A))]. Therefore
[Cp(X.7) AT (X,7) A Lp(f)] < [FE(A) = FH(F(A))
< b ([F5(4) = FEGA)) = Qr()) =
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